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Gilbert Graph and Random Simplicial Complexes

e Poisson point process 7;: in RY with intensity measure O(A) = t\;(A) > 0

e Gilbert graph on 7;: vertices Fy = n;
edges Fi = {{vo, v1} C miz B(vy, %) N Blvy, %) # 0}
e Vietoris-Rips complex V(7;, d;): clique complex of the Gilbert graph
k-simplices Fj, = {{vo, Uk C e By, %) N B(v,, %) a @)}

e Cech complex C(7;, d;): nerve of the Boolean model
. . k .
k—&mphces Fk — {{2}0, Ceey Uk} C My ﬂO B(UZ', %) # @)} Fig. 1. The Gilbert graph, the Vietoris-Rips complex and the Cech complex of an 8 point set.

Geometry of Random Complexes

e face numbers, the f-vector (fy, f1...) contains the number f; = | Fi| of i-dimensional e volume power functionals: non-central limit theorems and concentration inequalities:;

faces in a compact set: e Euler characteristic: concentration inequalities;

—expectation E f; e h-vector: h = (ho, h...) with by, = Zf:o(—l)k_i (j:;i) fic1; haoy = (1) 1x;
— covariance matrix %(f); the probability that A 1s nonnegative, symmetric, or unimodal;

— LLN, uni- and multivariate CLT"s, limit theorems; e Cohen-Macaulay property: the probability that random complexes are Cohen-
— concentration inequalities. Macaulay; implications on the h-vector; yields many useful algebraic tools to investigate

simplicial complexes and their properties;

e percolation, there exists a critical value v,qp.: . . . . . .
b | pe e algebraic Betti numbers (generalize topological Betti numbers): expectation and vari-

ance of algebraic Betti numbers; proving deviations or concentration inequalities for Betti
—for t6; > vVpee there is a unique infinite component. numbers of V(n;, d;) and C(ny, &;).

—for 10 < vpere only finite components occur;

e component counts:

—the expected number of components with at most £ vertices;

— CLT"s and concentration inequalities. W()I'king program

Algebraic Proper ties of Random Complexes 1. proving l?mit theoremé and .concentration results for ka ;.
2. determining the top dimension of V(n, d;) and C(n;, d;) via the f-vector;
3. investigating the Kuler characteristic by utilizing the knowledge on the top dimension;
o (reduced) Euler characteristic y =) (—1)'f;: 4. h-vector depends on f-vector and dimension: investigating its asymptotic behaviour:
—first two moments Iy, Vx, e.g., by discrete Morse theory; 5. properties of links: determining the asymptotic distribution of their Betti numbers;

—deviation inequalities using Malliavin calculus. 6. the Cohen-Macaulay property follows from properties of the Betti numbers of links:

e (topological) Betti numbers S, = dimyg Hi(A; K) for a field K and complex A: 7. comparism to results in the spherical and hyperbolic setting.

—in the sparse regime: S, and V3, PLT and CLT;
—in the thermodynamic regime: 5, and V3., SLN and CLT;

—in the dense regime: order of I3, threshhold for 8, = 0. Pro ject-related Work of the Applicants

. . 'Akinwande-Reitzner ’20; Reitzner-Schulte-Thile ’17; Reitzner-Romer-Westen-
Metric Propertles of Random Complexes holz 23] limit behaviour of volume power functionals

|[Bachmann-Reitzner ’18; Reitzner ’13 | concentration inequalities for Poisson function-
als, applied to the f-vector and general subgraph counts

[Brun-R6émer’08; Bruns-Koch-R6émer’08; Bruns-Romer’07;Le-Romer’13 | study of
objects of discrete mathematics with methods from combinatorial algebra

o length power functional L™ = 3" - ||z — x|

—first two moments EL), VL) applied algebra, Mecke formula:;

— (multivariate) CLT’s, deviation inequalities using Stein’s method, Malliavin calculus. . - .
( ) ’ X 5 | Bruns-Conca-Romer ’11 | vanishing results for Betti numbers of Veronese algebras

e volume power functional V;f” = %Z 7 VAL AT 1 Edelsbrunner-Nikitenko-Reitzner’17 ]| discrete Morse theory for Delaunay mosaics

—first two moments *)V,{ST), VV,{(T), discrete geometry, Mecke formula; Grygierek-Juhnke-K.-Reitzner-Rémer-Rondigs ’19| complicated topological struc-
— (multivariate) CLT’s using Stein’s method, Malliavin calculus. ture of V(ny, ;) and C(n, o)
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