Recompression techniques for adaptive cross
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The adaptive cross approximation method (ACA) generates low-rank approximations
to suitable m x n sub-blocks of discrete integral formulations of elliptic boundary value
problems. A characteristic property is that the approximation, which requires k(m + n),
k ~ |logel*, units of storage, is generated in an adaptive and purely algebraic manner
using only few of the matrix entries. In this article we present further recompression
techniques which are based on ACA and bring the required amount of storage down to
sublinear order kk’, where k' depends logarithmically on the accuracy of the approxima-
tion but is independent of the matrix size. The additional compression is due to a certain
smoothness of the vectors generated by ACA.
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1 Introduction

The finite element discretization of integral formulations of elliptic boundary value problems leads to
fully populated matrices K € R¥*N of large dimension N. By the introduction of the fast multipole
method [15], the panel clustering method [21], the wavelet Galerkin method [1], and hierarchical (H-)
matrices [17, 19] it has become possible to treat such matrices with almost linear complexity. While
most of these methods can be used only to store and to multiply approximations by a vector, H-
matrices provide efficient approximations to the matrix entries. The latter property is useful because
preconditioners can be constructed from the matrix approximant in a purely algebraic way; see [4].

There are two main techniques for the construction of H-matrices in the context of integral oper-
ators

(Ku)(x) = /Q (s y)u(y) dy

with given domain @ C R¢ and kernel function x which consists of the singularity function S
and its derivatives. The first technique constructs the approximants by approximating the kernel
function directly and thus requires the explicit knowledge of k. The second is the adaptive cross
approximation (ACA) method (see [2]), which approximates suitable sub-blocks A € R™*" of the
discretized operator K by

ATl (I ATL) 'L A ~ A, (1.1)

where II; € R¥*™ consists of the first k& < min{m,n} rows of a permutation matrix and II, € R"**
are the first £ columns of another permutation matrix. Hence, instead of computing and storing all
entries of A, it is possible to compute their approximation with complexity O(k?(m + n)) and store
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it in O(k(m + n)) units of memory. The fact that ACA relies on few of the original matrix entries
makes it very convenient and attractive for practical applications, because existing “slow” codes can
be accelerated with small changes, whereas kernel approximation methods such as the fast multipole
method and methods based on interpolation require a fundamental recoding. Additionally, ACA
is in general more efficient with respect to both the number of operations and the quality of the
approximant. Kernel approximation methods are not able to exploit properties of the matrix which
are not present in the kernel function. The reason is that, for instance, the geometry may also reduce
the rank of the approximation. Furthermore, the quality of the kernel approximation depends on the
kind of approximation used. For instance, if algebraic polynomials are used to approximate k in the
case of the single layer potential operator of the Laplacian in three dimensions, then the rank k will
be of the order |loge|?, whereas the multipole expansion guarantees k ~ |loge|?. Here, £ denotes the
desired accuracy. In fact it can be rigorously proved (see [6]) that the kind of approximation on which
ACA is based provides a quasi-optimal low-rank approximation for each kernel function involved.
This quasi-optimal approximation is actually found by the ACA algorithm since it is adaptive, i.e.,
the rank of the approximation is determined during the approximation, whereas kernel approximation
uses a-priorily chosen values.

Both techniques rely on the smoothness of S. It is known that for integral formulations of elliptic
boundary value problems the singularity function S is asymptotically smooth, i.e., there are constants
¢,71,7v2 > 0 such that

0205 S, y)| < clal! B! Ao =yl TS @,y)), @Ay, (1.2)

for all o, 8 € N Using either method, an H-matrix approximation of K is generated which has
storage complexity O(kN log N), where k depends logarithmically on the approximation accuracy €.

Although ACA generates approximants of high quality, the amount of storage required for an
approximant can still be reduced. The reason for this is visible from the special structure of the
approximant. The representation (1.1) uses parts II; A and AlIly of the original matrix A for its
approximation. Since Iy A and AIl, have the same smoothness properties as the entire block A,
they can be additionally approximated using polynomial approximation, for instance. Note that
our construction will not be based on polynomial approximation of the kernel k since we can afford
more advanced methods due to the fact that one of the dimensions of Iy A and AIly is & which
can be considered to be small. Our aim is to devise a method which preserves both the adaptivity
and the property that only the matrix entries are used. The way we will achieve this is based
on projecting II; A and Alls to explicitly given bases. The reduced storage requirement compared
with ACA has to be paid by the fact that the new method will use some additional information of
the matrices. For the construction of the bases it is for instance important to know which kind of
discretization is used and whether the normal vector is involved in the kernel. However, methods
based on kernel approximation require even more information and do not offer the advantages of
ACA. In total, this recompression generates so-called uniform H-matrices (see [17]) from few of the
original matrix entries. Notice that it is not required to develop arithmetic operations for uniform
‘H-matrices if approximate preconditioners are to be computed from the generated approximation.
Since the recompression is based on ACA, one can generate an H-matrix approximation of reduced
accuracy as a byproduct and construct a usual H-matrix preconditioner from it.

For uniform H-matrices it is necessary to store the coefficients of the projection together with the
bases. The amount of storage for the coefficients is of the order kN (cf. [18]), i.e., compared with
‘H-matrices the factor log N is saved. However, storing the bases still requires O(kN log V) units of
storage. A continuation of the development of H-matrices has led to H2-matrices (see [20]) which
allow to store the bases with O(kN) complexity. For H?-matrices the factor k in the asymptotic



complexity can even be removed if variable order approximations (see [20, 10]) are employed. How-
ever, then the approximation accuracy is not arbitrarily small and will in general not improve with
the quality of the discretization unless operators of order zero are considered. The reformulation of
the standard integral operators from [9] could, however, be used to apply the techniques for opera-
tors of order zero. The construction of uniform H- and H?-matrices is usually based on polynomial
approximations of the kernel function. We want to remark that the recompression of ACA gener-
ated H-matrices to H2-matrices can also be done in a black-box fashion; see [8]. However, besides
providing reliable error estimates, our approach does not require to store the row and column bases,
which consume most of the memory.

Since we will use explicitly given row and column bases, only the coefficients of the projection
of the ACA approximant on these bases are stored. Hence, we will improve the overall asymptotic
complexity to O(kN). However, in this case the bases have to be constructed on the fly when
multiplying the approximant by a vector. It will be seen that this additional effort does not change
the asymptotic complexity of the matrix-vector multiplication. A slight increase of the actual run-
time can be tolerated since the multiplication is computationally cheap while it is necessary to further
reduce the storage requirements of ACA approximants.

In this article we will concentrate on a single sub-block A €
N x N. We assume that A has the entries

R™X™ of an hierarchical matrix of size

Q5 = /gz/fzﬁ(xay)¢l($)gpj(y)d$dy7 i = 17"'7m7 .7 = 1,...,7’L,

with test and trial functions 1; and ¢; having supports in Dy and Dy, respectively. This kind of
matrices corresponds to a Galerkin discretization of integral operators. The sub-block A results from
a matrix partitioning which guarantees that the domains

d d
Dy =Qlay,b,] and Dy = (X)[al,, V)]
v=1 v=1
are in the far-field of each other, i.e.,
max{diam Dy, diam Dy} < ndist(Dq, D2) (1.3)

with a given parameter n € R. For properties of the hierarchical structure (matrix partitioning,
complexity estimates) the reader is referred to the literature on hierarchical matrices; cf. [14, 5].

The structure of the article is as follows. In Sect. 2 we will review the adaptive cross approximation
method. In order to exploit the smoothness of IT; A and Alls, we present an alternative formulation of
ACA. In Sect. 3 we will show that the matrices 11} A and Alls can be approximated using Chebyshev
polynomials. This approximation requires the evaluation of the kernel function at transformed
Chebyshev nodes, which has to be avoided if we want to use the original matrix entries. One
solution to this problem is to find a least squares approximation. In Sect. 3.4 we show how this can
be done in a purely algebraic and adaptive way. Another possibility is to replace the additional nodes
by original ones which are close to Chebyshev nodes. Error estimates for this kind of approximation
will be presented in Sect. 3.5.2. Finally, in Sect. 3.5.3 we will investigate an approximation that
relies on the discrete cosine transform (DCT) — at least if the discretization nodes are close to
transformed Chebyshev nodes, numerical evidence is given that the number of coefficients to store
depends logarithmically on the accuracy but not on the matrix size of A. Numerical results support
the derived estimates.



2 Adaptive Cross Approximation

In contrast to other methods like fast multipole, panel clustering, etc., the low-rank approximant
resulting from the adaptive cross approximation is not generated by replacing the kernel function of
the integral operator. The algorithm uses few of the original matrix entries to compute the low-rank
matrix. Note that this does not require to build the whole matrix beforehand. The algorithm will
specify which entries have to be computed.

The singular value decomposition (SVD) would find the lowest rank that is required for a given
accuracy. However, its computational complexity makes it unattractive for large-scale computations.
ACA can be regarded as an efficient replacement which is tailored to asymptotically smooth kernels.
Note that not the kernel function itself but only the information that the kernel is in this class of
functions is required. This enables the design of a black-box algorithm for discrete integral operators
with asymptotically smooth kernels.

Assume condition (1.3) holds for A € R™*™. Then the rows and columns of the matrix approximant
UVT, U e R™* and V € R™* are computed for k =1,2,... as

k—1

g, = Avimg, — Y ue(ve)
(=1

A nN—=1n A N e

uy := (Qy);, Uk, where iy is found from |(dg )i, | = ||kl
k—1

Vg ‘= Ag;,l:n - Z(Ug)ikvg.
=1

The choice of the row index ji is detailed in [6]. The iteration stops if a prescribed accuracy is
reached, which can be checked by inspecting the norms of the last vectors u; and vi. The exponential
convergence of ACA for the Nystrom, the collocation, and the Galerkin method was proved in [2, 7, 6].

2.1 An alternative formulation of ACA

In [6] we have pointed out that for the computed approximant it holds that

UVT = Aty A Ay 1ms (2.1)

Tk
where Ay := A;, ., j,..- The last expression is known as a pseudo-skeleton; see [12]. Since the methods
of this section will be based on the pseudo-skeleton representation of the ACA approximant, we should
construct and store Aq.p, .., Aiy.. 1:m, and A;l instead of UV, In order to generate and apply A,;l
in an efficient way, we use the LU decomposition of Ay.

Assume that pairs (ig,j¢), ¢ = 1,...,k, have been found and assume that the normalized LU
decomposition of the k x k matrix Ay = LRy has been computed. We find the new pivotal row ix 1
and column jr4+1 as explained above. With the decomposition

A by
A =
k+1 |:a£ Ck::| )
where af := Ai, 1 jre> Ok = Ay jerrs and ¢ i= Ai .o, the LU decomposition of Ay is given
by
Arsr = |BE O 1Bk vk



where zj, solves Rfﬂ:k = ay, Yi solves Lpyr = b, and oy = ¢, — :E;fyk It is easy to see that
T T
Ty = Uik+1,1:k7 Y = ‘/jk+1,1:ka and ap = (Uk+1)jk+1'

This formulation of ACA has the same complexity O(k%(m +n)) as the original formulation. Due
to the exponential convergence of ACA, the number of required steps k will be of the order |loge|?,
where € > 0 is the prescribed approximation accuracy.

2.2 Recompression using the ()R factorization

Since the columns of the matrices U and V generated by ACA are usually not orthogonal, they may

contain redundancies, which can be removed by the following algebraic recompression technique; see

[3]. This method may be regarded as the singular value decomposition optimized for rank-k matrices.
Assume we have computed the QR decompositions

U=QuRy and V =QvRy

of U € R™** and V' € R™ ¥, respectively. Note that this can be done with O(k?(m +n)) operations.
The outer-product of the two k x k upper triangular matrices Ry and Ry is then decomposed using
the SVD of RUR‘CC:
RyRL =UxvVT.
Computing RUR%; and its SVD needs O(k3) operations. Since QuU and QyV both are unitary,
A=UVT = QuUE(QvV)"

is an SVD of A. Together with the products QU and Qy 'V, which require O(k?(m-+n)) operations,
the number of arithmetic operations of the SVD of a rank-k matrix sum up to O(k*(m + n + k))
operations. In addition to improving the blockwise approximation, one may also try to improve
the block structure of the hierarchical matrix by agglomerating blocks; see [13] for a coarsening
procedure. Although these techniques may reduce the required amount of storage, the asymptotic
complexity of the approximation remains the same.

3 Approximation using Chebyshev polynomials

The matrices Ay.p, j,,, and A; , 1., are submatrices of the original matrix block A. Hence, their
matrix entries have the same smoothness properties as the original matrix A. The smoothness of
the latter matrix was used by ACA. However, the smoothness of the former matrices has not been
exploited so far. Our aim in this section is to approximate them using Chebyshev polynomials, i.e.,
we will construct coefficient matrices X1, Xo € RF** I/ ~ k, such that for a given € > 0

| Atim i — B1Xillp < ellAtimyjillp and  ||A] — BoXollr < ellAiy, 1nllFs

Jik 11.k,1:1

where B; € R™*F and By € R™*" are explicitly given matrices which are generated from evaluating
Chebyshev polynomials and which do not depend on the matrix entries of A. Combining the two
approximations leads to

Al

WJ1:k? T, 10k

Ar A, A, 1m ~ BiCBY, (3.1)

11:k,

where C' = X3 A, ' XT. If k' < 2k, then one should store the entries of C € RF' XK' Otherwise, it is
more efficient to store C in outer product form

C = (X1R) (XL )T,



where Lj and Ry are the triangular matrices from Sect. 2.1.

The approximations B;X; and BsXs have the special property that the matrices B; and By do
not have to be stored. Only X; € R >k and Xy € R¥' %k will be stored and the matrices B; and
By will be recomputed every time they are used. Although for the “basis matrices” By and Bs any
suitable matrices could be used, we favor matrices which correspond to Chebyshev polynomials due
to their attractive numerical properties. Later it will be seen that the construction of By and Bs
can be done with mk’ and nk’ operations, respectively. The matrix-vector multiplication with By X;
takes O(k'(m + k)) floating point operations.

Our aim in this section is to approximate the matrix Ai.,, j,,. The matrix A; , 1., has a similar
structure and its approximation can be done analogously. For notational convenience, we denote the
restricted matrix Ay, j,., € R™** m > k, again by the symbol A.

3.1 Chebyshev approximation

We first consider one-dimensional interpolation in Chebyshev nodes

t-'—a+b+b_a-cos2j+17r
I 2 2

j=0,....p—1.

For [a,b] = [—1,1], the polynomial with the zeros t;, j = 0,...,p — 1, is the Chebyshev polynomial
Ty (t) := cos(parccos(t)) which satisfies the three term recurrence relation

To(x) =1, Ty(@t)=t, and T, i(t) = 2T,(t) =T, 1(t), p=1,2,.... (3.2)

Lemma 3.1. Let f € CP[a,b]. The polynomial interpolation 3y, : Cla,b] — II,_1, f +— ¢ such that
q(tj) = f(tj), 5=0,...,p— 1, is uniquely solvable and J,f obeys

2(b—a)?

1f = Tpflicray < 1F P N otap-

The operator norm ||Jp|| := max{||3, fllcjap : f € Cla,b] satisfying || fllclap = 1} is the Lebesgue
constant which depends only logarithmically on p, i.e.,

1Tpll <14 = 10gp (3.3)

Moreover, the interpolation can be rewritten in the form J,f(t) = ZZ —o Gil; ( %‘ZL — 1), where

1224 R 241
co = — Zf(tj) and ¢ = — Zf(tj)cosz m i=1,...,p—1. (3.4)
P P 2p
j= j=
Proof. For [a,b] = [—1,1] see e.g. [22]. O

The previous properties of univariate interpolation at Chebyshev nodes can be exploited for inter-
polating multivariate functions f : D — R given on a domain D := ®g:1[a,,, by).

Corollary 3.2. Let the tensor product Chebyshev nodes (addressed by a multi-index) be given by

tj::®tju7 J:(jlvvjd)€N8l70§jV<p



We define the interpolation operator 3, : C(D) — Hg_l, Ipf = 31()1)' ”(d f where Jp f denotes
the univariate interpolation operator applied to the i-th argument of f.
The interpolation error is bounded by

_ 9 d—-1 d i
I = 3ulew < (1+ 2108p) 3017 =3 fleoo) (35)
v=1

Proof. By the triangle inequality and due to (3.3), we obtain

If = Fpfllomy < If =30 Flow + 1380 (f =32 - 39) Flom,
< Hf 3D fllomy + 130 =3P Hllowy + -« + 113D - 3@V (f — 3D £) )| oy

v—1
< ZHf 39 fllowy [T 1951
v=1 j=1

9 d-1 d
< <1 + ;bgp) D 1F =3 Fleow).
v=1

3.2 Construction of Approximations

The discretization method by which the sub-block A was obtained from the integral operator K is
either the Nystrom, the collocation, or the Galerkin method. We consider integral operators I of

the form
/ S(z,y)u(y) dy,

where S is a positive singularity function. Hence, each block A of the stiffness matrix takes the form

where 1); and ¢; are non-negative finite element test and trial functions satisfying supp; C Dy and
supp ¢; C Dj. Note that Galerkin matrices formally include collocation and Nystom matrices if one
sets 1; = 0(- — &;) and ¢; = (- — ;) with Dirac’s 6 for some points Z; and g;.

Using the results stated in the previous section, for each y €  we can define an approximating
polynomial

JepS(z,y) = S(z,y)

and a matrix A" € R™** having the entries
NCH. //pr z,y)i(x)pj(y)dedy, i=1,...,m, j=1,... k. (3.7)

Theorem 3.3. Let Dy be convex. If cyym <1 (cf. (1.2), (1.3)), then the following error estimate is
fulfilled

4 a0 <o (14 21owp) (22 Al



Proof. Due to Lemma 3.1 together with the asymptotic smoothness (1.2) of S we have

~(v 2b
1SCy) = IS Cy)llowp) € =g 200, = a)? ) 107, SC.u)lley)

T\P diam D; \?
< [ —— .
2 (4) (dist(Dl,D2)> 15¢-9llcws)

Let x* € Dy be chosen such that [S(z*,y)| = [|S(-,y)llc(p,)- Then for some ¥ € D; we have

* « - diam D,
1S(z,y) — S(z*,y)| = [(x — 2")VS(Z,y)| < cmmlls(wy)\\cwl) < eyl SC vllem)

and thus [|S(,y)llc(p,) < (L—cyn)"S(z,y)|. From (3.5) and the far-field condition (1.3) it follows
that

d-1 d

2
1S(2,y) — FupS(x,y)| < <1 + ;bgp) > IS¢ y) = IS w)llew)
v=1

_ 2 TN

C<1+;10gp> (—4 ) 1S(z,y)|
_ 2 Ly

—c<1+%logp> (T) S(z,y).

The last equality follows from the positivity of S. From

m k 2
JA = AR = 32> lay — ai” ZZ( / RECE ﬁx7p5<x,y>m~<x>¢j<y>da:dy)

i=1 j=1 i=1 j=1

2 2 200y 2 S 2
< (1 2mp) (ATl

i=1 j=1

IN

one obtains the assertion. The Nystrom case and the collocation case follow from the same arguments.
O

The previous theorem shows the exponential convergence of AH provided 711 < 4. Instead of
the singularity function S the kernel function of K may also contain normal derivatives of S. An

example is the double-layer potential operator arising in boundary element methods

() = | @Y%) ) ds,,

lz —y[3

where n, is the normal vector in y € I'. Since |z — y|=3 is asymptotically smooth (with respect to
both variables), we set

// — Y, Ny pr\x—y\ Yi(z)p(y)dsgdsy, i=1,...,m, j=1,... k. (3.8)

It is obvious that a similar error estimate as presented in Theorem 3.3 can be obtained also for this
kind of operators.



3.3 Evaluation of the approximation

The polynomial approximation (3.7) of the matrix entries (3.6) takes the form

v) _
agh = Z/ HTM Npi(x) dar /Rdca(y)cpj(y)dy, 6(”’=2H—1

aeNg
Oy <p

=:bja

with coefficient functions co. Hence, the matrix ACH has the factorization A" = BXCH  where
XCH ¢ RFxk /.= pd and B € R™*F has the entries

bo= [ HT% ii() da (3.9)

From this construction it is obvious that B; in (3.1) depends only on the row indices i, whereas
By depends only on the column indices j. The approximation we generate is a so-called uniform
‘H-matrix; see [17]. The special structure of this kind of hierarchical matrix can be exploited also
when computing the matrix-vector product; see for instance [18].

Let us consider the collocation and the Nystrom case, i.e., we first assume that ¢; = §(- — ;).
Then B has the entries

T, (€). (3.10)

||::]&

These matrix entries can be computed efﬁmently using the recurrence relation (3.2) to evaluate the

individual factors T, (SZ-(V)) for 0 < ay, <p,v=1,...,d. Thus, the matrix B can be set up explicitly
with O(mk’) arithmetic operations. A matrix vector product w := Bv takes the same number of
arithmetic operations without setting up the matrix explicitly. For most applications, it is reasonable
to evaluate the factors T, (ﬁi(y)) using O(mdp) arithmetic operations and memory on the fly and
compute the matrix vector product out of these values. Two alternatives are given by: 1) storing
the O(mdp) factors as a compressed version of B to speed up the matrix vector product or 2) using
a Clenshaw-like algorithm to reduce the intermediate used memory from O(mdp) to only O(d) or
O(md) for a data parallel version.

Now consider Galerkin matrices, i.e., 1; is a piecewise polynomial function on each of the M
polyhedrons defining the computational domain. We assume that the support of each function v,
i =1,...,m, is the union of at most p elements 7;, j € Z;, with |Z;| < p, i.e., suppey; = UjeL— ;.
Each element 7; is the image of the reference element 7 under a mapping F;. The restriction of ;
to each polyhedron 7; is a polynomial of degree ¢, and we apply a cubature formula

P
/f(x) do ~ Y wef ()
T =1

with weights w, and points xg, £ =1,..., P, on the reference element 7 as suggested in [16], i.e.,
b= 5 [ T T €rto) 2 = 35 s, o) >HT (F (€)).
jez: Vi v=1 JET; =1

Let 7 := |J~, Z;. The computation of the matrix B can therefore be done by first computing the
matrix

Ve = [ Tow (Fr (6), a €N oy <p, jel, t=1,... P



having at most umP rows. The matrix B’ has the same structure as B in (3.9) and the number of
cubature nodes is bounded by P = O(k’). In a second step one computes the matrix

ci o) = webi(Fry ()

prior to computing the product
P

bio = Z Z Ci,(j,f)b/(jl)va’

JET; =1

Note that the previous construction can also be applied to matrices (3.8).

As readily seen from (3.4), the computation of the coefficients X “" requires additional evaluations
of k at the tensor Chebyshev nodes t;j. Since our aim is a method that is based on the matrix
entries and does not require the kernel function, in the following we investigate a least squares
approximation.

3.4 Least Squares Approximation

Let B € R™** be the matrix defined in (3.9). According to Theorem 3.3 there is XCH € R¥*¥ such
that

d—1
2 p
4= Exr <e (1 2iogp)  (B)7 Al

We have pointed out that the computation of X°H is not desirable. Additionally, there may be a
matrix X5 e R¥*¥ which provides a better approximation than X . Hence, we aim at solving
the least squares problem

find X € R¥** such that |4 — BX||r is minimized.

Let B = UBEVg ., ¥ e R¥*F pe a singular value decomposition of B, which can be computed with
complexity O((k")?m). Then X5 := VpXTUL A, where

n 0;1, i=j and o; # 0,
(X =
0, else,

is a best approximation with respect to the Frobenius norm. The following error estimate for AYS :=
BX"S is an obvious yet important consequence.

Lemma 3.4. For the approzimation AYS we obtain

B 9 d—1 P
- ae <e(1+ 20ep)  (57) Al

Proof. Since X5 minimizes |A — BX||p, we compare with the solution A" = BXCH obtained by

interpolation at the Chebyshev nodes. O

In what follows we will devise an efficient adaptive strategy for the solution of the least squares
problem. According to the previous lemma, we may assume that

1A~ BX™|F <<|Allr

with arbitrary € > 0. Depending on, for instance, the geometry, the columns of B can be close to
linearly dependent. Hence, the number of required columns of B may be significantly smaller than

10



k’. Using the singular value decomposition of B, it is possible to construct a minimum orthonormal
basis U € R™**” and coefficients C' € R¥"**" such that

|IB—-UC|r <e|Bl|F (3.11)

In this case we would have to store the matrix U for later computations. Since our aim is to generate
the basis of approximation on the fly every time it appears in the computations, we have to find
appropriate columns of B which are sufficient to represent the remaining columns. To this end, we
construct a rank-revealing QR decomposition of B

BIl= QR = Q [Rll R12:| 7

0 Roa

where Q € R™*™ is unitary, IT € R¥*¥ is a permutation matrix, and R € R™**" is upper triangular.
We determine 0 < rg < k’ such that Ry; € R"2X"B is non-singular and

10 R X8|l < ]| Al
Denote by II,, the first rp columns of II. Hence, setting X := [[, Rl_llng]H_lX LS we have
1A = Bl , X1||r < |A = BX"||p + | BX" — BIL, Xi|r
< e|lAllF + | BT XY — BIL, Xi|r
R Rip R -1 —1 LS
=+ (| ] = | 1 Rt ) oot
=c|Allr + 1[0 Rao] I'XY g
< 2¢|| Al
Although we have reduced the basis B to BIl,,, it still holds that

min_||A — BIL, X||r < 2¢||A| r.
XeRrBXk

In addition to redundancies in the basis vectors B, the columns of A may be close to linearly

dependent. An extreme case is A = 0. Then there is no need to store a coefficient matrix X of size
rg X k. Therefore, our aim is to find X € R™** with minimum 0 < r < rz such that

|A— BILX||p = min ||A— BILY|r <2||A|F.
Y eRr Xk

Let Q = [@1, Q2] be partitioned, where @1 € R™*". Since

~

R TA-Rx
14~ BIL Xl = 1Q7A - QB X1 e = @74~ || X1 = 1[4 5 ) 1,

where R € R™*" is the leading r x r submatrix in Ry, it follows that
|A - BIL X | r = Q3 Al r

if X solves RX = QT A. This X € R"™*¥ satisfies |A — BII. X||p = minycgrxk ||A — BILY|/p. The
smallest 7 can thus be found from the condition

103 Al < 2¢|| Al .

The computation of QT A € R™** can be done with O(kk'm) operations provided @ is represented
by a product of k¥’ Householder transforms.

In total, we have the following algorithm which requires O((k")?m) flops.

Finally, in Tab. 3.4 we compare the asymptotic complexities of ACA, the recompression technique
from this section (labeled “RACA”), and the standard method without any approximation.
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Input: Matrix A € R™** approximation accuracy € > 0, and k&’ € N.

Set up the matrix B € R™*K',

Compute an SVD B = UBZVg and the least squares coefficients X5 = VBEJFUEA € RF' ¥k,
Compute a rank-revealing QR decomposition BII = QR.

Determine 0 < rg < k' and partition

R [311 312]

0 Roa

such that || [0 Rao] X3||p <el|Allp.
5. Compute QT A € R™** by k’ Householder transforms.
6: Find 0 < r < rp such that |Q A||r < 2¢[|A| r.
7: Solve RX = QT A for X € R"™F.

Output: Reduced rank r, permutation II,, and coefficient matrix X € R"**.

Algorithm 1: Reduction of B and least squares solver.

‘ memory usage ‘ matrix-vector multiplication ‘ setup time
standard mn mn mn
ACA k(m 4+ n) k(m + n) k2(m +n)
RACA kK’ K (m+n+k) (k% + (K")*)(m +n)

Table 1: Asymptotic complexities.

3.5 Further topics

Subsequently, we discuss a further reduction in memory usage when the kernel is translation invariant,
an interpolation approach which uses a subset of the original nodes, and a heuristic technique based
on the discrete cosine transform. For simplicity, we only consider the Nystrém case, i.e., our matrix
block A € R™*¥ is given by

aij = k(z5,y5), i=1,...,m, j=1,... k.

3.5.1 Translation invariant kernels

In case the matrix entries obey
aij =k(x; —y;), 1=1,....m,j=1,...,k,

we simultaneously approximate all columns of A. The interpolation at tensor product Chebyshev
nodes is given by
ag; = (Ipk) (x: — y5),

and allows for the error estimate in Theorem 3.3. Analogously, error estimates for the least squares
approximation and for the interpolation at perturbed Chebyshev nodes follow. The crucial point is
the further reduction in storage, since we need only one vector of coefficients XH e R¥ | k' = p.
In total, the matrix block A € R™** is compressed to k' coefficients — compared to kk’ coefficients
when no translation invariance is exploited.
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3.5.2 Interpolation at perturbed Chebyshev nodes

Up to now, we have defined an interpolation operator J, which is based on the Chebyshev nodes.
The computation of the coefficients XM requires the evaluation of the kernel function at additional
nodes and hence, we have proposed a method which is based on a least squares problem.

In this section we will investigate the error if the interpolation is based on some of the original
nodes x;, i = 0,...,p — 1, instead of the Chebyshev nodes. For simplicity we consider this problem
in one spatial dimension, i.e., we consider the interpolation problem

ic?)Tj(xi) = flz;), i=0,...,p—1.

The following result states that a similar result as in Lemma 3.1 and Theorem 3.3 can be achieved if
points are chosen that are close to the Chebyshev nodes. The matrix A™ denotes the approximant re-
sulting from this kind of interpolation. The generalization to dimensions d > 1 using (3.5) is straight-
forward for sampling points which lie on a perturbed tensor product grid (t;+6;,t, %0, .. )T e RY,
J;£=0,...,p—1 with perturbations |d;], |d; ¢ < 0.

Lemma 3.5. Let p € N, § < min{?7%, %5%(p — 1)72} and p perturbed Chebyshev nodes z; € [a, D]
with |x; —t;| < 6 fori=0,...,p— 1 be given. Then, the polynomial interpolation at these nodes
x; € [a,b] obeys
71n
JA = AT|p < cp+ 1) (20)" Allr.

Moreover, if |y — x| > (|tg—t| for all £,i=0,...,p—1 and some { > pl/=P)  then the Lebesgue
constant for these nodes, denoted by ||Jp||, can be bounded by

13,0 < p*(1+ = logp)

Proof. For simplicity assume [a,b] = [-1,1] and hence, 0 < min{%, (p — 1)72}. The standard error
estimate for polynomial interpolation, i.e. ¢(x;) = f(x;), i =0,...,p—1, ¢ € II,_1, reads

HWHC—l,l
If —dllef=11 < #Hf(p)HC[—l,u

with w(z) := 1—[?2—01 (z — x;). First, note that

p—1p—1 p—1p—1 p-1

@)= [[@—2) @)= (@—x), ... wP(z)=p.
=0 z::0 k=0 ¢=0 'z':0
1£L £k £k

Moreover, Markov’s inequality, see e.g. [11, p. 97], yields
@' le1, < (0 = D2 |wlle-1,1, Hw(z)HC[—l,l] <(p—-2>%p - 1wl
For notational convenience let w(z) = Hf:_ol (z —t;) = Tp(z)/2P~L. We estimate |w(x)| by

|w($)|=|($—t0+to—$0)' =ty o1 — xpo1))|
p—1 p—1 p—1

<H|x—t|+Z§H|x—t|—l—Z S [ l=—til+-..

k=0¢=k+1 =0

z;éf 1£0k
< |o(@)] + 61 @)] + 8 [5P (@) + ... + 6 oD (@) + 0710 ()]
p+1

<@+ Dlwle—1y < 17
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which proves

A EO = 0oy

Hence, compared with Lemma 3.1, which is the basis for Theorem 3.3, we obtain an additional factor
p + 1. The assertion follows from the same arguments as in the proof of Theorem 3.3.

In what follows, the Lebesgue is bounded by using the same technique for the numerator and the
assumption |xy — x;| > |ty — t;| for the denominator:

1f = allcj=1,1 <

p—1p—1

—1p
|z — 2] £ 2
Jpll = max J
= e, 2 L e, Qq £l < i
£0

3.5.3 Cosine transforms

Discrete Fourier transforms (DFTs) and similar methods are used in signal and image processing,
especially for data compression, because under certain assumptions most of the signal information
tends to be concentrated in a few low-frequency components. Our aim is to approximate the matrix
A € R™*k by removing small high-frequency components.

The (univariate) discrete cosine transform of type two (DCT-II) of a vector a € R™ is defined as

— 20+ 1
L = Zaicosk%ﬂ, k=0,...,m—1.

We note that the computation of the Chebyshev coefficients in (3.4) is (up to normalization) a DCT
of length p. Now lets assume for the moment, that the nodes z;, i = 1,...,m, are the m = m?
Chebyshev nodes. Then a (multivariate) DCT applied to the j-th column of the matrix A € R™**
computes exactly the coefficients of the interpolating polynomial Jk(-,y;). Due to the fact that
the columns of A are samples of a smooth function, we have exponentially fast decay in the DCT-
coefficients. Hence, we suggest to keep only the “lowest” k' = p? coefficients which again results in a
storage reduction from O(km) to O(kk’). The DCT-II and its inverse, which is (up to normalization)
given by the so called DCT-III are equivalent to symmetric real valued DFTs of length 4m and can be
computed with O(mlogm) arithmetic operations. This allows for a fast matrix-vector multiplication
(of order O(kk’ + mlogm)) with the approximated matrix.

However note, that this technique completely neglects the given nodes and indeed fails for less
regular nodes as shown in the following numerical results.

4 Numerical results

We start by a very simple example illustrating the exponential convergence of the proposed schemes.
Consider the matrix block A € R™** m = 1000, k = 20,

Q5 = izl,...,m,jzl,...,k:,

9y

with randomly chosen nodes y; € [0,2] and (a) perturbed Chebyshev nodes x; = 5+42.5 cos 2
|6;/ < 107% and (b) randomly chosen nodes z; € [2.5,7.5]. For each row of A, the approximations
are obtained by

2y
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1. a truncated DCT (solid); see Sect. 3.5.3,

2. interpolation at p Chebyshev nodes, using additional evaluations (dotted); see Sect. 3.2,
3. the least squares procedure (dash-dot); see Sect. 3.4, and

4. the interpolation at p chosen original nodes (dashed); see Sect. 3.5.2.

Fig. 1 shows that methods 2—4 lead to exponential convergence for both perturbed Chebyshev nodes
and randomly chosen nodes. Method 1, however, converges exponentially only up to the size of the
perturbation ¢ in (a). For randomly chosen nodes method 1 did not converge at all.

10 10 ~_
.
107° ¢ 1 10° ¢ sy
3 RN
10710} “«\:“\-\ | 10710} \\"»:, AN
10—157 10—157
10 20 30 40 50 10 20 30 40 50
(a) Perturbed Chebyshev nodes. (b) Randomly chosen nodes.

Figure 1: Error of the matrix approximations in the Frobenius norm with respect to the polynomial
degree p=1,...,50.

We proceed with a more realistic example. The single-layer potential operator

V:H V2T — HY(D), (V“)(””)Zi/F ;(_y;' ds,,

is used to test the proposed algorithm which is based on the least squares solution. In the following
experiments I' is the surface from Fig. 2.

Figure 2: The computational surface.
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A Galerkin discretization with piecewise constants ¢; = 1, i = 1,..., N, leads to the matrix
V € RVXN with entries

vij = Vi, 0i) 2y, 6Jj=1,...,N,

which is symmetric since V is self-adjoint with respect to (-,-)r2(r). Therefore, it is sufficient to
approximate the upper triangular part of V' by an hierarchical matrix.

Tables 2-4 compare the hierarchical matrix approximation generated by ACA with and without
coarsening (see Sect. 2.2) and by the (least squares based) method from this article, which is ab-
breviated with “RACA”. We test these methods on three discretizations of the surface from Fig. 2.
Columns two, five and eight show the memory consumption in MByte, columns three, six and nine
contain the memory consumption per degree of freedom in KByte. The cpu-time required for the
construction of the respective approximation can be found in the remaining columns four, seven and
ten. The relative accuracy of the approximation in Frobenius norm is €. All tests were done on a
shared memory system with two Intel Xeon 5160 processors (dual core, 3 GHz), where all four cores
were used. Notice that a RACA approximation of a block was stored only if it improves the memory
consumption of ACA. Otherwise the ACA approximation is used.

ACA coarsened ACA RACA
N | MB |KB/N |time[s] | MB | KB/N | time[s] | MB | KB/N | time []
28968 | 115.7 4.1 425 93.0 3.3 46.2 | 51.6 1.9 46.5
120932 | 607.6 51| 2285 | 489.9 4.1 2409 | 232.6 1.9 | 251.6
494616 | 2836.6 5.9 | 1113.9 | 2342.3 4.8 | 1175.0 | 967.1 2.0 | 1250.9

Table 2: Approximation results for € = le — 3.

ACA coarsened ACA RACA
N | MB |KB/N |time[s]| MB | KB/N |time[s]| MB | KB/N | time [s]
28968 | 266.2 9.4 88.4 | 222.6 7.9 100.8 | 222.5 7.9 108.6
120932 | 1433.4 12.1 481.2 | 1208.5 10.2 532.3 | 1042.7 8.8 624.7

494616 | 6927.9 14.3 | 2375.9 | 5921.3 12.3 | 2608.2 | 4838.4 10.0 | 3374.7

Table 3: Approximation results for ¢ = le — 5.

ACA coarsened ACA RACA
N| MB |KB/N |time[s)]| MB | KB/N |time[s]| MB | KB/N | time [s]
28968 |  465.3 16.4 | 1535 | 402.3 142 | 1783 | 447.6 158 | 2158
120932 | 2572.1 21.8 | 847.3 | 22255 18.8 |  962.1 | 2242.3 19.0 | 1528.7
494616 | 12721.9 26.3 | 4248.7 | 11160.2 23.1 | 4894.6 | 10162.6 21.0 | 9802.1

Table 4: Approximation results for € = le — 7.

Table 5 shows the time in seconds required for multiplying the generated approximations by a
vector. Note that this operation uses only one of the four processors.

Apparently, RACA produces approximations with much lower memory consumption than obtained
by ACA even after coarsening provided that the approximation is reasonably coarse (¢ = le — 3).
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ACA coarsened ACA RACA
N|le—3|le=5|le-=7|le—3|le—5|1le—7|le=3|le=5]|1le—7
28968 | 0.08 | 0.17| 030] 0.06| 014 025| 064| 1.37| 191
120932 | 041 | 091| 163| 023| 074 | 1.39| 348 | 7.84 | 12.68
494616 | 191 | 438 | 8.03| 146 | 364 | 6.72| 21.62 | 47.95| 93.69

Table 5: Multiplication time in seconds using one processor.

The numbers in the column “KB/N” of Table 2 support our complexity estimates: The asymptotic
complexity of the storage behaves linearly if the approximation accuracy is kept constant. For
higher precisions this behavior can be observed only for problems that are large enough: while
RACA requires more memory than coarsened ACA for the two smallest problems in the case ¢ =
le — 7, it is able to reduce the memory consumption for the largest problem. As we expected,
multiplying a RACA approximation is more expensive than multiplying an ACA or a coarsened ACA
approximation by a vector. However, the absolute time required for this operation is dominated by
the construction of the approximation.
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