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ABSTRACT. In 1966 the Indian mathematicians H. Anand, V. C. Dumir, ehdGupta
investigated a combinatorial distribution problem andhfatated some conjectures on
the number of solutions. These conjectures were solvedxrdaed by R. Stanley. His
solution, based on methods of commutative algebra, was btieecstarting points of
combinatorial commutative algebra. In this article we diéscthe conjectures and their
proofs and introduce the notions of commutative algebra loicinthe proofs are based.

CONTENTS

Introduction 1

1. Affine monoids 4

2. Graded rings and modules 9

3. Krull dimension and Noether normalization 11
4. Hilbert functions of graded modules 13

5. Cohen-Macaulay rings 18

6. The canonical module and Gorenstein rings 25
References 34

INTRODUCTION

In 1966 the Indian mathematicians H. Anand, V. C. Dumir, andGdpta [2] investi-
gated a combinatorial distribution problem that they hadrefrom a paper of K. Manjo:
suppose that distinct objects, each available inddentical copies, are distributed among
n persons in such a way that each person receives exadalyjects. What can be said
about the numbeF (n, r) of such distributionsBased on their investigation df (3, r),
for which they gave an explicit formula, Anand, Dumir, andpBuformulated several
conjectures:

(ADG-1) there exists a polynomidt,(r) of degreen — 1)? such thatt (n, r) = P,(r)
forall r > 0;

(ADG-2) H(n,r) = P,(n)forall r > —n; in particularP,(—r) =0,r =1,...,n—1;

(ADG-3) P,(—r) = (=)@’ P,(r —n) forall r € Z.
1
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In the original formulation (ADG-1) is not present. We hayditghe original conjecture
into two parts since (ADG-1) is substantially easier to grdvan (ADG-2).

The combinatorial problem can be recast as follows. If we letienote the number of
copies of object that persory receives, the = (a;;) € Z" is ann x n matrix with
non-negative integral entries such that

n n
(2) Zaik:ZaU:r, i,j=1,...,n.
k=1 =1

Clearly H(n, r) is the number of such matrices The system of equations (1) is part of
the definition ofmagic squaresFor such squares one usually requires that the sums over
their diagonal and anti-diagonal also have the same valaed true magia x n squares,

like the ones in Figure 1, must have the entries..,n?. The3 x 3 square has been

16| 3 |2 |13
8 | 1] 6

511011} 8
3057

916 712
419 |2

4 1151141 1

FIGURE 1. Two famous magic squares

found in ancient Chinese sources and 4he 4 appears in Albrecht Drer’'s engraving
Melancholia(1514). It has remarkable symmetries and shows the yeas ofeation.

The system of equations (1) is satisfied by, from a magiciaei® point, rather trivial
objects, like the zero matrix, the identity matrix, and thatrx 1 with all entries equal to
1. Although it is highly doubtful that such matrices possesg &itchcraft, mathemati-
cians have called them “magic squares”, and we will stickis terminology.

Generating functionsA very strong tool of enumerative combinatorics, endoweth wi
real magic power, is the concept of generating function. Aleeto introduce it in order
to describe Stanley’s extension of the ADG-conjectures.siciem the formal power series

H,(t) = ZH(n,r)l’.

r=0
Then, as we will see, (ADG-1) is equivalent to the fact thh&i(z) is the power series
expansion ab of a rational function, denoted by the same name,
ho + hit + -+ + h,t"

(1) = (1— t)(n—l)2+1 ’

h(): l,hl,...,huEZ.

(ADG-2) and (ADG-3) can be converted into properties of thisction:
(ADG-2) <= degH,(t)=u—((n—1)>+1)=—n,
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and once (ADG-2) has been proved,
(ADG-3) <= hi=h,, i=0,...,u.
Stanley extended the conjectures by
(ADG-4) hy, ..., h, > 0;
(ADG-5) hg < hy <--- < hjy21.

In [22], [23] he proved (ADG-1)-(ADG-4) via a translation thie problem into commu-
tative algebra. See Stanley’s book [27] for more informabm the pre-ADG history of
the problem and on its solution. The major steps of our nailbew the development in
[27].

For results and references on explicit formulasfbp, r) and a computer approach to
them we refer the reader to Ahmed, De Loera and Hemmecke [1].

The commutative algebra wayhe basic step is to understa#fi(, r) as the Hilbert
function of a graded<-algebra, where& is an arbitrary field.
Let.#,, denote the set of solutions to (1) £ and set

o0
%n - U %nr
r=0
SinceA + B € My, 45 for A € My, B € My, the set#, has an algebraic structure: it
is a submonoid oZ"*" (under addition). By the theorem of Birkhoff-von Neumann the
monoid.#, is generated by#,,;, the set oz x n permutation matrices.

We form the monoid algebr&[.#,]. For this algebra the magic sumserves as the
degree. As just stated[.#,] is finitely generated by the degréelements representing
the permutation matrices. Moreover it has Krull dimensjon- 1)> + 1. After these
observations (ADG-1) follows immediately from the theorfyHilbert functions. The
equationH (n,r) = P,(r) holds for allr > degH,,(z).

The crucial observation for the proof of (ADG-2)—-(ADG-4),aipproached from the
commutative algebra view point, is the normality of the midng7z,. Then (ADG-4)
follows from Hochster’s theorem that normal affine monomgkdlras are Cohen-Macaulay
rings.

For (ADG-2) and (ADG-3) one has to compute the canonical redwf K[.#,]. By
a theorem of Danilov and Stanley it is the iddain K[.#,] generated by all elements
corresponding to strictly positive magic squares. Thisriot ideal/ is easily seen to
be a principal ideal, generated by the monomial represgmiie matrix1; it has magic
sumn. Since— degH, (¢) is the lowest degree of a non-zero elemenbijrit follows that
degH, (1) = —n. This proves (ADG-2).

The Hilbert series of a graded Cohen-Macaulay rid@nd its canonical module
are related by the functional equatiéh, (1) = (—1)? Hg(t™'), with d = dim R. Since
w = K[.#,], more precisely =~ K[.#,](—n) as graded module&[.#,] is a Gorenstein
ring whose canonical module is generated by an element diyeodegree, and in this
case the functional equation appears in the strong veraibe¢3).

We will develop, or at least discuss, all these resultsngyto restrict the prerequi-
sites to a level covered by introductions to commutativelatg, for example Atiyah and
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Macdonald [4] or Sharp [21]. Our main tool will be Noether madizations and homoge-
neous systems of parameters, but for the proof of (ADG-2)(Ald>-3) more advanced
techniques will be needed. Our general reference is Brungianzbg [8].

In 2003 conjecture (ADG-5) was proved by Athanasiadis [8] &ireduction to Stan-
ley’s g-theorem for simplicial polytopes. His result has now beaemrded significantly
by Romer and the author [10]. Finding a commutative algebrafpzbthe g-theorem is
still a real challenge.

Other developmentsThe ADG-conjectures were a strong motivation for Stanlexdsk,
as is quite apparent from [27]. Nevertheless, and neediess/t the title of these notes is
an exaggeration. At least three other closely related dpweénts must be mentioned:

(i) Hochster [17] proved his theorem on the Cohen-Macaulap@rty of normal
monoid algebras as a significant step on his way towards tluhster-Roberts
theorem by which invariant rings of linearly reductive gpsuacting on polyno-
mial rings are Cohen-Macaulay. Normal affine monoid ringseads invariant
rings of torus actions.

(i) A combinatorial problem generalizing the ADG-conjexs had been studied by
E. Ehrhart [12]. LetP be an integral or, more generally, a rational polytope, and |
E(P,r) denote the number of integral points in the multiple, r € Z,.. If P is
the polytope spanned by thex n-permutation matrices, theli(P,r) = H(n,r).

It is not difficult to interpretE (P, r) for arbitrary P as the Hilbert function of a
normal monoid algebra. We will discuss it at the end of Sedéio

(i) Normal affine monoid rings are the coordinate rings tiiree and projective toric
varieties, and therefore extremely interesting objectstis branch of algebraic
geometry. See Danilov [11], Kempf, Knudsen, Mumford, anch&BRonat [19] or
Fulton [14].

AcknowledgemeniThese notes are an expanded version of my lectures at thednte
tional Conference on Commutative Algebra and Combinatorigarozed by the Bhaska-
racharya Pratishthana, Pune and the Harish-Chandra Regestitlite, Allahabad, De-

cember 2003. | am grateful to the DFG for a travel grant anditdridian colleagues that
they have made possible a very successful conference inghsgmt environment of the
Harish Chandra Research Institdte.

1. AFFINE MONOIDS

Finite generation.Let us first prove that#, is indeed generated by the permutation ma-
trices.

Theorem 1.1(Birkhoff-von Neumann) The monoid#, is generated by the permutation
matricesd, € .4, € S,.

Lt was a special pleasure for the author to lecture about t&-A&onjectures in the presence of his old
friend V. C. Dumir. In the academic year 1977/78 the Dumir &ndns families were neighbors in the
married student housing at Orchard Downs, Urbana, lllinois
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Proof. Let B = (b;j) € #,, B # 0. We must show that there exists a permutation
€ S,suchthatB — A, € .#,. Foreachrow = 1,...,n set

Ci =1{j : bij # 0}.
Consider/ C {1,...,n}. Then# J,.; C; > #I, as the reader may verify. Therefore the

marriage theorem implies that we can find a permutation S,, such thab; .y # 0 for
i=1,...,n. ClearlyB — A, € #,. O

Without an explicit reference to the magic sunwe could have defined?, as the set
of all matricesA = (a;;) € Z"" satisfying the system

n n
(2) Zaik:Za’f’ i,j=1,...,n,
k=1 I=1

of linear homogeneous equations. More generally/ifis the set of non-negative solu-
tions of a homogeneous diophantine linear system of equetion variables, then is
certainly a submonoid ™, but it is not immediately clear that , like .#,, has a finite
system of generators.

Definition 1.2. A submonoidM < Z™ is calledaffineif it is finitely generated. It is
normalif it contains all elements € Z™ such thatx € M for somec € Z, ¢ > 0.

Normal affine monoids are the discrete analogues of polghednes, and some poly-
hedral geometry is necessary, or at least very useful, &r éxploration.

Theorem 1.3.LetC # 0 be a subset aR™.

(a) Then the following are equivalent:
() there exist finitely many elemens, ..., y, € R™ such thatC = R, y; +
e IR—}-yn;
(ii) there exist finitely many linear fornis, . . ., A; such thatC is the intersec-
tion of the half-space#l,” = {x : 1;(x) > 0}.
(b) If C generateR™ as a vector space and the representation- H1+ Nn---NHY
is irredundant, then the halfspaces (i) above are uniquely determined (up to
enumeration). Equivalently, the linear formg are unique up to positive scalar
factors.
(c) The generating elements, ..., y, can be chosen i®R™ (or Z™) if and only if
theA; can be chosen as linear forms with rational (or integral) ¢ménts.
(d) IfYy = {yl, ... ’yn} c ", then@m N [R+Y = ®+Y

The reader is referred to Ziegler [29] or [6] for a proof. Weeubke implication
(a) (i)=(i) in order to proveGordan’s lemmalt shows that the finite generation of,
is not an accident.

Theorem 1.4.LetA;, ..., A, andpuy,..., ugs beZ-linear forms onZ™, and set
M=1{x:2x)=0,i=1,....,p}N{x:puj(x)=0, j =1,....9}.

ThenAM is a normal affine monoid.
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Proof. We can replace every equatian(x) = 0 by two inequalities so that we may
assumep = 0. Obviously M is a normal monoid.
In R we consider the cone

C={xeR":uj(x)=0,j=1,...,q9}
after the extension of thg; to R”. ThenM = C N Z™. By Theorem 1.3 there exist
finitely many elements,...,y, € M = C N Z™ such that every element € C can
be written as a linear combination= a; y; + - -- + a, y, with non-negative coefficients
a; € Ry. Then
x=x"+x", x'=layyr + -+ [an] yn.

Both x’, x” belong toM, andx” = byy; + -+ + b,y, With b; € [0,1), j = 1,...,n.
Thusx” belongs to the intersection @™ with a bounded seB, andy;, ..., y, together
with the elements of the finite s8f N B generateM as a monoid. O

0

FIGURE 2. A normal monoid

Normality and purity. The setM of non-negative solutions of a homogeneous linear
diophantine system of equationsrinvariables is a special type of submonoidif: let
G = gp(M) be the subgroup o™ generated by ; thenM = G N Z". One says that
M is apuresubmonoid ofZ”!.

We want to show that every normal affine mondifi can be realized as a pure sub-
monoid ofZ¢, for suitables, providedM is positive x,—x € M = x = 0. Positivity
is an evident necessary condition for the embeddability it .

For brevity we let “affine” include “positive” in the followig since we are mainly
interested in normal affine monoid®, and every such monoid decomposes into the
direct sum

) M=UM &M

whereU(M) = {x € M : —x € M} and M’ is normal, affine and positive. In fact,
the normality ofM implies thatz™/U(M) is torsionfree. Henc& (M) is a free direct
summand o#Z™, and we can choos& ' as the image oM under the natural projection
Z™ — Z™/U(M). In our context, direct summands that are groups are almektvant.

Proposition 1.5. Let M C Z™ be a affine monoid (positive, as understood). Then the
following are equivalent:

(a) M is normal;
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(b) M =R M Ngp(M);
(c) M isisomorphic to a pure submonoid Zf, for suitables.

Proof. Suppose thad/ C Z™ is normal, and lek € R M Ngp(M). The coneR M is
generated by finitely many elements, ..., y, € M, andx = a;y; + --- + a,y, with
ai,...,a, € Q4+ by Theorem 1.3. Lett € Z, a > 0, be a common denominator for
ai,...,a,. Thenax € M, andx € M by hypothesis. This shows (& (b).

For (b) = (c) we identify the subgroup gp/) of Z™ with Z”, r = rankgaM ). The
numberr is called theank of M. We can replac&™ by Z". LetC = R, M be the cone
generated by in R". By Theorem 1.4 there exist finitely many linear forms. . ., o;
on R” with integral coefficients such that:

(i) C isthe intersection of the half-spacBs” = {x € R" : 0;(x) > 0},i = 1,...,s;

(ii) the representation’ = Hfr N---N H; isirredundant;

(i) 0;(Z") =2Z,i =1,...,s.

Up to enumeration, the forms, ..., o, are uniquely determined. (Property (iii) can be
achieved by extracting the greatest common divisor of tledficients.) We call them the
support forms

Consider theZ-linear mapo : Z" — Z*, o(x) = (01(x)....,05(x)). SinceM is
positive, o is injective. It mapsM isomorphically on a submonoid/’ of Z% . Every
elementx of gp(M’) belongs tar (gp(M)), andx € M’ if and only if o (x) € Z7,.

The remaining implication (c= (@) is trivial. O

Monoid algebras.Let K be a field andM a commutative monoid. Then the monoid
algebraK|[M] is a vector space with a basis indexed by the elemenig ébr which the
addition in M serves as the multiplication table. M C Z™ is an affine monoid, then
K[M] is a subalgebra oK[Z™] since the monoid embeddinyy — Z™ extends to an
algebra embedding[M ] — K[Z™]. The monoid algebr&[Z™] is isomorphic to the
Laurent polynomial ringK[X:F!, ..., X;F'] via the assignment

a=(ay,....ay)—> X%=X%... X,

It follows that the monoid algebrak[M ], M affine, can be identified with subalgebras
of the Laurent polynomial ringsK[Xlil, ..., X 1] that are generated by finitely many
monomials. By Hilbert’s basis theorem such algebras are hd¢okin, and so we can
apply the rich structure theory of Noetherian rings to thelgtof affine monoids.

The terms “normal” and “pure” have been chosen judiciously:

Theorem 1.6.Let M be an affine monoid.

() ThenM is normal if and only ifK[M] is a normal ring, i. e. integrally closed in
its field of fractions.

(b) M c Z is a pure submonoid if and only K[M] is a pure subalgebra of
K[Z'] = K[Y;,...,Y;], i. e. K[Z¢] splits into the direct sunK[M] & T of
K[M]and aK[M ]-submodulel" of K[Y,..., Y]

Proof. (a) Letx € gp(M) such thatnx € M for somem € Z, m > 0. For the algebra
K[M] and the monomiak € K[gp(M)] C QR(K[M]) with exponent vector this
impliesx™ e K[M]. If K[M]is normal, therx € K[M] or, equivalentlyx € M.
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Conversely, letM be normal, and sef = R M. We identify ggM ) with Z". Then
M =7Z"NCandC = Hfr N---N H} where eaciH,.* is a closed halfspace defined by
a linear form with integral coefficients. Thus

M =N N---NN,, N,=Z"NH".

Consequently
K[M] = K[N{]N---N K[Ny].

Since an intersection of normal domains is normal it is sigfficthatK[N ] is normal for
the intersectionV of Z” with a half-space? ™ defined by an integral linear form. Now

NxZ""'97Z,,

as follows from the splitting (3) ofV: for x € Z" one hasx,—x € N if and only
if x lies in the hyperplane bounding the halfspdée. Thus K[N] is isomorphic to a
partial Laurent polynomial ring([Ylil, cee, Yrﬂill, Z]. Itis even a factorial ring, which is
certainly normal.

(b) LetR = K[Y;,...,Y;JandS = K[M]. SetW = Z% \ M and letU be the vector
subspace oR = K[Z?’ ]| generated by the monomials with exponent vectoWin The
purity of M translates into the conditio®W + W C W or, equivalentlySU C U. Since
R = S & U as aK-vector space, it is of course sufficient for the splittinglothatU is
an S-submodule oK[Y7,..., Yg].

Conversely, ifR = S & T for someS-submoduleT, then one certainly has the
equation

I =IRNS

for all ideals/ of S since the ideal R of R decomposes into the direct suh® /T (the
reader should verify this claim). Takleas the principal ideal generated by the monomial
corresponding tac € M. If x + W contains an element € M, then/R contains the
monomial corresponding tp, an element oS which, on the other hand, is notin [J

In a more general context, one uses a weaker property to dégnpurity of a ring
extension; see [8, p. 293].

In order to avoid cumbersome formulations we will sometiroessider the monoids
as subsets of their algebras, identifying each monoid elemi¢gh the monomial of which
it is the exponent vector.

The class groupWe have used the support forms associated with the facele afone
R+ M in order to realizeR = K[M] as a pure subalgebra of a polynomial ring. Let us
observe that they also define prime idealskithat determine the ideal theory &fto a
great extent. Le#; be a support form and set

pi = Z Kx.
x€EM, o; (x)>1
Thenp; is an ideal ofR, and even prime:

K[M]/pi = K[M N Fi]
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whereF; is the facet ofR 4 M belonging tao;. Thesymbolic powersf p; are defined as

follows:
pl@ = Z Kx.

x€M, o;(x)>c

One ideal inK[M ] will receive our special attention, namely
P Nps.

It is the “interior” ideal generated by all monomials in timegrior of the coné&R . M .
More generally, letR be a Noetherian normal domain (or just a Krull domain). A
subset/ of the field QK R) of fractions of R is afractional idealif there existsx € R,
x # 0, such thatcJ is an ideal ofR. A fractional ideal is divisorial i{f /~!)~! = J; here
J7! = {x € K : xJ C R} can be identified with Hog(J, R). From the view point of
linear algebra, the divisorial fractional ideals are elettte reflexive ones(J ~!)~! = J
if and only if the natural homomorphisth— Homg(Hom(J, R). R) is an isomorphism.
The isomorphism classes of divisorial ideals are paranzetby a classical invariant,
the class group see Fossum [13]. (In the number-theoretic situatibms a Dedekind
domain, and over such domain every fractional ideal is dnas.) For a normal affine
monoid ringR = K[M ] the class group can be calculated as followsxIeé a monomial
in the interior ofR. M. ThenR[x~!] contains all monomials corresponding to elements
in Z%, and therefore is the Laurent polynomial rifg= K[Z¢], a factorial ring. Since:
is a monomial, the ideaRx has a vector space of monomials, and by the normalit\/ of
the quotienty/x belongs toM if and only if 0;(y) > 0;(x); therefore

Rx =p(1v‘) NN pl), v; = 0;(x).

Nagata’s theorem [13, ] implies that the class group is gerdrby the classes of the divi-
sorial prime ideals containing. These are exactly the monomial prime idaagls. . ., ps
corresponding to the facets, as defined above. This impieeseach divisorial ideal/
there exist integers,, ..., ¢, € Z such that

(4) J=py N npl).

2. GRADED RINGS AND MODULES

The monoid algebr&R = K[.#,] has a natural decomposition as a vector space: since
My = \Uye o #ur We haveR = @2, R, whereR, is the vector subspace spanned
by the monomials corresponding to thex n magic squares of magic sum Since
My +AMys C My 45, this decomposition is compatible with the multiplicatsteucture:
R, R; C R,+5. ThusR is a graded ring:

Definition 2.1. A grading of a ring R is a decompositiorR = ,., R; of R as an
abelian group such tha&k; R; C R;; foralli, j. A graded ringis a ring together with a
grading.

A grading of a module)M over a graded rin@R is a decompositiodd = P, M;
of R as an abelian group such th&tM; C M, ; foralli, j. A graded R-moduleis an
R-module together with a grading.

The elements oM; arehomogeneousf degree .
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The main example of a graded ring is the polynomial rkh\g= K[X1, ..., X;,] with
the grading in which the graded component of degrnesehe vector space spanned by the
monomials of total degree More generally we can define a grading $rby assigning
degreeg; € Z to the indeterminate¥’; and setting

n
degXla' "'X:” = Zajgj.
j=1

The degreé component is again spanned by the monomials of degree

Let M be an affine monoid. ThenZ:-linear mapy : gp(M) — Z is called a grading
on M. Itinduces a grading oiK[M ] in which the degreé component is spanned by
the elementsx € M with y(x) = i. We say thaty is positiveif y(x) > 0 for all
x € M, x # 0. It follows from Proposition 1.5 that every (normal) affin@noid admits
a positive grading, as does every submonoid Ht

A submoduleU of M is graded ifU = ,., U N M;. In this case the residue class
moduleM /U is naturally graded, too, sinde/U = @,., M;/(U N M;) by a natural
isomorphism.

The classical example of a graded submodule is an ifl@althe polynomial ringS
as above that is generated by homogeneous polynomials. Shers the homogeneous
coordinate ring of the projective variety defined by

A homogeneoug-linear mapy : M — N of gradedR-modules preserves the graded
structure: one hag(M;) C N;. The kernel and the cokernel of a graded homomorphism
are gradedR-modules.

In order to make certain natural linear maps homogeneous ugt shift the degree
of one (or both) of the modules involved: the modul&(s) is identical toM as anR-
module, but

M(s)i = M.
In other words, degreg¢ elements inM have degreg — s in M (s). Most often one
needs shifts that increase the degrees of elements. Thetké&y are usually written with
a negative sign.

Let K be a field. We say that a graddd-algebraR is positively gradedf R =
K|[xy,...,x,] with homogeneous elements of positive degree. TheR; = 0 fori < 0
andR, = K.

Graded Ext functorsAt a certain point in Section 6 it seems inevitable to useveeli
functors, and we need that ExtM, N) carries a natural grading for finitely generated
graded moduled/, N over a Noetherian graded ring. First we endow Hom(M, N)
with a natural grading: its homogeneous component of degoeasists of allR-linear
mapse such thatp(M;) C ¢(N;4;) for all j. We leave it to the reader to show that
Homg (M, N) is indeed the sum of these abelian subgroups.

Next, one constructs a graded free resolutiodaf

y:..._)Fnﬁ)Fn_lﬁ---—)Flﬂ)Fo—)O, M=C0ker¢1,

in which the F; are finitely generated graded free modules and the morphi$ms—
F; are homogeneous. It follows that EXtM, N) = H'(Homg(#, N)) is certainly
a gradedR-module, and the grading does not depend on the choice obthedeneous
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free (or projective) resolution. Evidently such resolas@xist: if M is graded, generated
by elementsty, ..., x,, of degree<,..., g,, then

m
F0=@R(—gi)—>M» € = X,

i=1
is a homogeneouR-linear map from a graded fre@-module ontoM . Its kernel is again
a finitely generated gradel-module, onto which we can map a graded fieenodule
etc.

For numerical applications it is usually best to group theswandsR (—g;) according

to their shifts:

PRrR—g) =P R)F. B=#i: g =]}
i=1 jeZ
The notion of grading can be generalized by allowing an &atyitgroup or even an
arbitrary commutative monoid as the set of degreekfand M .

3. KRULL DIMENSION AND NOETHER NORMALIZATION

Let R be a Noetherian ring. Thi€rull dimensiondim R of R is the supremum of all
integersz such that there exists a strictly ascending chain

PoCpr C--- Cpy

of prime ideals. A priori, the valueo is not excluded, but it cannot occur for finitely
generated algebraR over a field K. The Krull dimension of a positively grade& -
algebra can be described as follows:

Theorem 3.1.Let R = B;—, Rk be a positively graded, finitely generaté&dalgebra.

(a) Thendim R is the smallest integef for which there exist homogeneous elements
X1,...,Xq € Rsuchthatm = @Z":l Ry is the radical of the idealxy, ..., xg).

(b) Such elements,, ..., x,; are algebraically independent ovét, and R is a finitely
generated module ove(|[xy, ..., x4].

(c) If K isinfinite andR = K[R;], thenx, ..., x; can be chosen of degrée

Elementsxy,...,x; as in Theorem 3.1 are said to fornhamogeneous system of pa-
rameterdor R. More generally, ifM is an R-module, then &omogeneous system of pa-
rameters forM is just a homogeneous system of parameter®ioAnn M . (By Ann M
we denote the annihilator idegt € R : xM = 0}.) The subalgebr&|[x,...,x4]is
called agraded Noether normalizatioof R. Itis isomorphic to a polynomial ring oveX,
and so Theorem 3.1 shows that every finitely generated gradéddle overR, in particu-
lar R itself, can be understood as such a module over the polyhomgaK [ X7, ..., Xq4].
We will intensively use this argument in the next sections.

We cannot include a full proof of Theorem 3.1. The first stepoishow that the
homogeneous elements in a prime idealf a graded ring generate again a prime ideal
(see [8, 1.5.6]). It follows that all minimal prime ideals afgraded ring are graded.
Starting from this basic fact one constructs a chain of giguane ideals

Po C oo Cpg =m
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of lengthd = dim R. (Since every homogeneous idealRfexceptR itself, is contained
in m, all such chains must end in.) Now Krull’s principal ideal theorem shows that
cannot be the radical of an ideal generated by fewer thalements.

The existence af, ..., x4 is shown by induction od, based on the following lemma:

Lemma 3.2. Let/ be an ideal in a graded ring, generated by elements of pesitegree,
and letpy, ..., p, be prime ideals such thdt¢ p; fori = 1,...,m.

(a) ThenI contains a homogeneous element p; U --- U p,,.

(b) If R is a graded algebra over an infinite field and I is generated by elements
X1,...,Xx, Of the same degreg, then there exist;,...,a, € K such thatx =
ayxy+ -+ anXy €pr U Upp.

For the combinatorial application we are free to choose thld K (and often one
can extendK anyway). Therefore it may be enough to prove (b): by hyposhdse
intersectiornp; N V' is a proper subspace &f = Kx; + --- + Kx,, and a vector space
over an infinite field cannot be the union of finitely many progpebspaces.

For the proof of Theorem 3.1 suppose first tat 0. Thenm is the only prime ideal
in R, and every element im is nilpotent, since the nilradical aR is the intersection of
its prime ideals. Therefona is the radical of the ideal generated by the empty set.

Now letd > 1. To conclude the proof of Theorem 3.1(a) we apply the lemma to
I = m and the minimal prime ideals,, ..., p,, of R, choosingx; = x. ThenR/(x;)
has Krull dimensionf — 1, and we are done by induction, lifting a homogeneous system
of parameters oR /(x;) to R.

This argument shows that we can find a homogeneous systemamheters consisting
of degreel elements ifR is generated oveK in degreel andK is infinite.

It remains to prove (c). Lek be the ideal inR generated by, ..., x; andy,..., ym
be a homogeneous system of generators ofKhalgebraR. Sincey; € I for e >
0, there existsf € Z such thatR; C [ fori > f. Then a vector space basis of

Ro ®---® Ry_; generateR as anK|[xy, ..., xqg]-module. The reader may show this as
an exercise or look up [8, p. 38].
For the algebraic independencexqgf . . ., x, it is sufficient that dimK[xy, ..., x4] =

dim R = d. This follows from the going up theorem for module-finitemiore generally,
integral ring extensions.

Krull dimension and transcendence degr&ppose thak is an integral domainy € R,
and letS be a graded Noether normalization. Sinkes a finitely generated-module,
and submodules of finitely generated modules over Noethenmgs are again finitely
generated, there exists an expongstich thaty? is anS-linear combination of the pow-
ersy® =1, y;...,y9 L. Itfollows that the quotient field Q/R) is an algebraic extension
of QF(S), and the latter has transcendence degreedim R over K. Therefored is the
transcendence degree of (JP over K.

Let M be an affine monoid. Then QK[M]) = QR(K[gp(M)]), and the transcen-
dence degree of the latter equals ramk So dimK[M] = rankM .

We use this fact to show that diki[.#,] = (n — 1)> + 1. LetG = gp(.#,). Let
1 be the magio: x n-square with all entries equal th and 4 € Z™*" a solution of
the homogeneous system of equations (2) defin#ig without sign restriction. Then
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A+ k1 e #, for k > 0, and it follows that gp.#,) is the group of all solutions to the
system (2). The system (2) has rahk—2, sorank#, = n> —(2n—2) = (n—1)* + 1.

4. HILBERT FUNCTIONS OF GRADED MODULES

Suppose thak is a field, considered as a graded ring in which all elements dagree
0, and letV = @, Vi be a graded-vector space. Then thdilbert function H (M, .)
of V is defined as follows:

H(M,):Z—>ZUf{oo}, H(M,i)=dimg M.

A fundamental property of the Hilbert function is its addity along exact sequences of
homogeneous linear maps:0f— V™ — ... — V% — 0 is an exact and homogeneous
sequence of gradeki-vector space¥’, thend (—1)’ H(V', ) = 0. This follows imme-
diately from the additivity ofK-dimension, applied to the homogeneous components.

Let R be aK-algebra. IfR is graded, then the graded componeRisre automatically
K-vector spaces sincE C Ry, and for the same reason the graded compon@fitsf a
gradedR-module M are K-vector spaces. IR is a positively graded, finitely generated
K-algebra, then the Hilbert function of a finitely generateddgd R-module M takes
only finite values and moreovei (M,i) = 0 fori <« 0. Therefore theHilbert (or
Poinca) series

Hy (1) =Y H(M. i)'
ieZ
is a Laurent series with a finite principal part. It belongshte fieldC[¢][z~!]. Note that
C[¢][lz~!] contains the polynomial rin@[¢] and therefore the fiel@(¢) of rational func-
tions. The embeddin@ () — CJ[r][z"!] identifies a rational function with its Laurent
expansion ab. In the following we will use the same notation for a ratiohalction and
its Laurent expansion &t
The fundamental structural result abdilif; (¢) is the following theorem.

Theorem 4.1(Hilbert-Serre) Let R be a gradedK -algebra generated by homogeneous

elementsy, ..., x, of degreegy, ..., g, > 0. Furthermore letM be a non-zero, finitely
generated graded®-module. Then there exists a Laurent polynonglak Z[t,:~!] such
that
()
Hy(t) = ————.
mi) [Ti= (1 —z&)

Proof. We use induction om. In the case: = 0 we can simply take) = H,,. Let
n > 0. Then multiplication onM by x,, induces an exact sequence

0= (0 :ar Xn)(—8n) = M(—=g,) > M — M/x,M — 0.

Both the kernelU' = (0 :j; x,) of the multiplication map an&v = M/x, M are finite
modules over the graded algebRy (x,) (or over K[xy,...,x,—1]). Since the Hilbert
function is additive along exact sequences, we obtain

(1-— Zg")HM = Hy —t¥" Hy.
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It only remains to apply the induction hypothesis. We arevedld to divide byl — ¢8»
in the fieldC[¢][¢~!], to which Hy;, Hy, Hy belong. (Here it is used thgt > 0 for all

i.) O
In particular, if R = K[X1,..., X,] is the polynomial ring over the fiel&, graded in
such away thatdey; = g;,i = 1,...,n, then
1
(5) Hp(t) = w5~
[Tic (1 —159)

The formula follows by the same induction with = X;. In this case the kernd/ is
alwayso0, sinceX, is a non-zero-divisor omR.

Algebras generated in degrde Note that the Hilbert function of a graded modul¢
depends only on the decompositiondf as aK-vector space. We are therefore free to
replaceR by any other grade&-algebra as long as the grading &f is not changed.
This allows us to refine Theorem 4.1. First we consider thesatal case in which

g1,...,gn = 1 and the Hilbert function is of polynomial type:
Theorem 4.2. Under the hypotheses of Theordml suppose thag; = --- = g, = 1
and letd = dim M. Then there exists a Laurent polynom@@le Z[z, t~!] such that
()
Hy (1) = :
M( ) (1 _ Z)d
Moreover:

(a) There exists a polynomidty, € Q[X] such that
H(M.,i) = Pp(i), i > degHyy,
H(M,i) # Pap(i), i = degHy,.

(b) e(M) = Q(1) > 0,and ifd > 1, then

e(M)

T Wd-1!

Proof. We may assume tha& is infinite. Otherwise we choose an infinite extensloof

K, replaceR by R®g L, andM by M ®k L. Next we substitut&® / Ann M for R, and

can assume that = dim R. Then there exists a Noether normalizati®of R generated

by (necessarily)y homogeneous elements of degieeSince R is a finitely generated
S-module, so isM, and direct specialization of Theorem 4.1 yields

()
(1=n?

A X971 4 terms of lower degree

Hy (1) =

We expand into a Laurent series:
T =2 g )T =D
(1= k=0 d—1 ieZ
with

g1
cf(i):(ler—l J), i>j, and ¢(i)=0, i<].
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Set

X4d—1-j\ X+d—1-j)—X+1-))
p"(X):( d—1 ): d—1)! |

Thenp; € Q[X], and we have
¢j(i)y=p;jti), i>j—d,  and ¢()#pii), i=j—d.
With Q(¢t) = hat® + -+ + hpt®, a,b € Z,a < b, ha, hy, # 0, the desired polynomial is

b
Py = Zhjpj-
j=a

That O(1) > 0 will be shown in Proposition 4.5. Then the assertion on tlaeliley
coefficient of Py, follows since each of the polynomialg has degree — 1 (if 4 > 1)
and leading coefficient/(d — 1)!. ThereforeP,, has leading coefficient

b
hyp  0Q)
;(d—l)!_(d—l)!' =

Definition 4.3. The polynomialP,, is called theHilbert polynomialof M, ande(M) is
themultiplicity of M .

Positively graded algebradf M cannot be written as a finitely generated module over
a K-algebra generated in degrégethen its Hilbert function need not be of polynomial
type. It is however ofjuasi-polynomial typeet P, ..., P, be polynomials. Then the
function P,

P(km +£) = Py(k), keZ, £=0,...,m-—1,
is called aguasi-polynomial of period:.

Theorem 4.4. Under the hypotheses of Theordnl suppose that/ = dimAM. Then

there exist a Laurent polynomid € Z[t,r~'] and integers,, ..., e; > 0 such that
t
Hy) = =20 (1) >0.
[Tici (1 —1¢)
Moreover there exists a quasi-polynomiBl,, whose period dividetcm(e,...,e4),
such that

H(M.i) = Pp(i)., i >degHy,
H(M,i);ﬁPM(i), i = degHy,.

Proof. As above we can assume thats infinite and replace by a graded Noether nor-
malization of R/ Ann M. Theney, ..., es can be chosen as the degrees of the elements
in a homogeneous system of parameters. The formuldfjgrfollows again by direct
specialization of Theorem 4.1.

With m = Icm(ey, ..., es) we chooseS = R™ = P72 Rim, them-th Veronese
subalgebra ofR. Dividing by m, we normalize the degrees 51 While S need not be
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generated in degreke it is a finite module oveS’ = K[S;] = K[R,,], as the reader may
check. As anS’-moduleM splits into the direct sum of its submodules

Ny = QB My, £=0,....m—1.

Now we can compos® from the Hilbert polynomials of thé/,. The reader should check
that the assertion on the equality 8i{i) and H(M, i) follows from the corresponding
statement in Theorem 4.2.

Again it remains to show (1) > 0, but this will be done in the next proposition. [

The theorem contains the statement that the Krull dimensiiaef is the pole order of
Hy, att = 1. The proof is not yet complete, but we know at least that tHe paler is
bounded above by the Krull dimension. We use this fact in tefpof

Proposition 4.5. Under the hypothesis of Theoret suppose that,...,e; are the
degrees of the elements in a homogeneous system of paramgter., x; for M. Let
S = K[x1,...,xq]. ThenQ(1) = rankg M > 0.

Proof. The annihilator ofM as a module oveS is 0. We can replaceR by S, but
must keep in mind that/ has annihilatof. The polynomial ringR over K is an integral
domain and evergk-module has a well-defined rank, given by the vector spacemsinn
of M ® QF(R) over QR R). There exist homogeneous elemenis..., y, € M that
form a basis ofM ® QF(R) over QK R). Let F be theR-submodule of\/ generated by
yi,..., V. Thenyq,..., y, are linearly independent, and there is an exact sequence of
graded modules

0—-F—>M—> N —0, N = M/F.

SinceN has non-zero annihilator, dind < d. With self-explaining notation we have
Om—QOF

[T (=)

Since dimN < d, the differenceD , — Q r must be divisible byl —¢ since the pole order

of Hy(t) att = 1 is smaller thani/. ThereforeQy,(1) = QFr(1), and thatQr(1) =
rank F = rankM is clear:

Hy(t) =

fat® + -+ fot®
[T, (1 —49)

where f; counts the number of degréelements in a homogeneous basigof O

Hfp(t) =

Remark 4.6. (a) The module-theoretic argument we have used in the pifobfi@orem
4.4 can be replaced by a formal reasoning. It amounts tongrikf,(¢) as a rational
function with denominatofl — U ) whereU = T and to split the numerator according
to the residue classes modutoof the exponents of thE/. It follows that the assertion on
the period ofP does not depend on the fact that we can really find a Noetheral@ation
generated in degrees, ..., e, .

Similarly Q(1) > 0 wheneveey, ..., e; admit a representation éf, () with denom-
inator ]‘[f’zl(l — t%). In fact two such denominators differ only by polynomial tiars
1+t +---+1t/, having positive value .
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(b) Suppose that there exists a homogeneous elemienR that is a non-zero-divisor
of M and whose degree is coprimerio Then the Hilbert polynomials of the modules
N¢ have the same degrees and the same leading coefficientshadltisssince there exist
uijj € Zyfori, j =0,...,m—1suchthaty“’ N; C N;. This result can be substantially
extended: let/ be the ideal ofR generated by those homogeneous elements that are
coprime tom; if dm M/IM < k, then the coefficients of the degrgeterms in the
Hilbert polynomials coincide for alf > k. See [9].

Hilbert functions and homological invariantd he Hilbert series can be calculated from
a graded finite free resolution. In the next theorem we usestidwedard convention of

writing the shifts with a negative sign and grouping the teima free graded module

R(—s1) & --- ® R(—s,,) according to their shifts.

Theorem 4.7.Let M be a finite graded?-module of finite projective dimension, and let
0> EPR)" - > PR >M—>0
j j

be a graded free resolution @ff . Then

Hy () = Sm () He (1)
whereSy(t) = Y, ;(=1)'B;¢/. In particular, if R = K[X;,..., X,] is the polynomial
ring over the fieldK, graded in such a way thategX; = g;,i = 1,...,n, then

Sm (1)

[Ti=, (1 —257)
Proof. This follows immediately from the additivity of Hilbert funions along exact se-

guences. The formula for the Hilbert function of the polynaining has already been
proved above. O

Hy (1) =

If R = K[X,..., Xy], then every finitely generated module ovrhas a finite free
resolution byHilbert's syzygy theorer(for example, see [8, 2.214]). Under the hypothe-
ses of Theorem 4.1 we can chodse= K[X1,..., X,] with degX; = g; and map it onto
R = K][x1,...,x,] via the substitutionY; — Xx;. In conjunction with the syzygy theo-
rem we therefore obtain a new (but more difficult) proof of @rean 4.1. This is Hilbert’s
original approach [16] to his theorem that the Hilbert fumatis of polynomial type (in
the classical case dég = 1).

The difference between the Hilbert function and the Hilg@tynomial can be ex-
pressed in terms of local cohomology. It would take us tooafstray to explain this
concept here. See [8].

Theorem 4.8(Serre) Under the hypotheses of Theord let m denote the maximal
ideal (x1,...,x,) andd = dimM. Then

d
H(M. i)~ Py (i) = ) (=1)’ dimg H} (M),

j=0

foralli € Z.
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Here HJ (M) denotes theith local cohomology of\f with support inm. The proof
follows the same pattern as that of Theorem 4.1, but this ineemust work in the field
C[:~'][z] after one has shown that the generating function of the tightl belongs to it
— for the left hand this has been proved above. We refer thaerda [8, 4.4.3] for the
details.

5. COHEN-MACAULAY RINGS

Before giving a definition we examine a simple, but very instike case. Also in the
next section it will guide us to a general theorem.

Simplicial normal monoidsAn affine monoidM is simplicial if the coneR M is gen-
erated byd = rankM vectorsxy,...,x;. Suppose thad/ is normal, embedded into

Z¢ = gp(M), and lety € M. Theny has a unique representatipn= Z;’Zl a;x; With
a; € Q4. It follows that

d d
y = Zbixi +Zq,~x,~, bi,....bpeZs+, qi,....9,€[0,1)NQ.
i=1 i=1

In other words,y = y’ + y” wherey’ belongs to the free submonoM = ) Z_ x; and
y” is an integral point in the semi-open parallelotope

d
panxi,...,xq) = {Z‘h’xi :qi €0, 1)}.
i=1

The vectorg)’, y” are uniquely determined by. SinceM is normal,y” € M. Set
B = pafxi,...,xq) NZ9.

FIGURE 3. The semi-open parallelotope

If M is an affine monoid with a positive grading, then we can assigiibert function
to M directly, namely

H(M,k)=#y € M :degy = k}.

Clearly H(M, k) = H(K[M], k) for the induced grading oK[M]. Similarly we use
the notion of Hilbert series foM .

Proposition 5.1.
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(a) M is the disjoint union of the sets+ N, z € B;
(b) Letdeg: M — Z, be a positive grading oM/ . Then
HM(t):dX:i:i, hi=#ze B:degz=i}>0, i=0,...,u.
1‘[].=1(1 —185)

(c) degHjy; < 0, and Py (i) = Hy (i) forall i > 0.

Proof. (a) has been proved above. For (b) it is now enough ghatr) = 1/ ]_[]‘.lzl(l —
t87). (This follows from equation (5), but can also be proved dike) For (c) we note
that every element i® has degreec ) g; sothatu < ) g;. The last assertion follows
from Theorem 4.4. O

Proposition 5.1 contains statements of type (ADG-2) and @A, but it cannot be
applied directly since the monoid of magic squares is sicrgdlonly forn = 1, 2.

In commutative algebra language 5.1(a) reads as follows:ntbnoid algebrss =
K[N] is a Noether normalization ak[AM ], and R = K[M] is a free module over its
Noether normalizatiot$ . In fact, S is generated by elementsd = dim R. Furthermore
the finitely many monomials € B generateR as aS-module. Their linear independence
follows easily from the disjointness of the decompositio®il(a).

Cohen-Macaulay ringsGraded algebras or modules that are free over a Noether nor-
malization deserve (and have) a special name. Its clasanchusual definition uses the
notion of regular sequence:

Definition 5.2. Let R be a commutative ring an#/ an R-module. We say that,, ...,
Xm € R form anM -sequencer areM -regular if

() M/(x1,...,xm)M #0;
(i) x; is a non-zero-divisor oM /(xy,...,x;—)M fori =1,...,m.

Condition (ii) is equivalent to the injectivity of the multipation by x; on M /(xq, ...,
x;—1)M . Therefore the property of being avf -sequence behaves well under flat ring
extensions, like passage to a ring of fractions oRt® L if R contains a fieldK and L
is an extension field oK.

The next proposition connects the notionMi-sequence with the freeness &f over
a Noether normalization. Moreover, it shows that this propdoes not depend on the
choice of normalization:

Proposition 5.3. Let R be a positively graded finitely generatéd-algebra andM a

finitely generated grade®-module. Furthermore, let,...,x; and yq,..., ys be ho-
mogeneous systems of parametersMor Then the following are equivalent:

(@) M is a free module ove$ = K[xi, ..., x4];

(b) x1,...,x4is anM-sequence;

() y1,...,yq IS an M-sequence.

Proof. Both (a) and (b) concern only the structureMfas anS-module. In proving their
equivalence we may therefore assume that S = K[X,..., Xy]. The implication (a)
= (b) is then obviousM is a direct sum of copies @k, and (b) is trivial forM = R.



20 WINFRIED BRUNS

For the converse we choose a minimal homogeneous system, z,, of generators

of M. “Minimal” means that none of,, ..., z, can be omitted. We want to show that
z1,...,zy are linearly independent. Choose a presentation
%
F—- M —0

mapping the -th basis elemeny; of the graded free modulg& to z;. Our claim amounts
to Kerp = 0.

On the contrary, let us assume that. . ., z,, are linearly dependent. Then there exist
ai,...,ay € R, notall0, such thati;z; +--- + a;uz» = 0. Sincezy, ..., z,, are homo-
geneous, we can split this equation into its homogeneouggonents. Therefore we may
assume that the; are homogeneous and that we have chosen a non-trivial hareoge
relation of the smallest possible degree.

None of thea; # 0 can be inK. Otherwise we could write; as a linear combination
of thez;, j # i. In other words, Kep C mF, wherem = (X;i,..., Xz). This implies
that the residue classesxf . . ., z,, form a basis of th&'-vector spacé//mM .

Ford = 0, R = K, there is nothing to prove. So let > 0. SetR = R/(X;),
M = M/ X, M. Taking intermediate residue classes with respecttd does not change
the fact that the residue classesz¢f.. ..z, € M form a basis of\//mM . Moreover
X,. ..., X4 form an M-sequence. By the induction hypothesis.. .. z,, are linearly
independent oveR.

For our relationa,z; + --- + amz, = 0 this impliesa; € (X;), a; = b; Xy, i =
1,...,m. SinceX; is a non-zero-divisor o/, we can factor ou(; from the equation
azy + -+ + amz, = 0, and obtain a contradiction to the minimality of dgg This
completes the proof of (b} (a).

We postpone the somewhat technical proof of the equivaleh@i® and (c) to the end
of this section. O

Definition 5.4. Let R be an affine, positively gradeki-algebra, and/ a finitely gener-
ated graded?r-module. ThenM is Cohen-Macaulayf it admits an M -regular homoge-
neous system of parameters.Rfitself is a Cohen-Macaulay module, then it is called a
Cohen-Macaulay ring

As stated in Proposition 5.3 (but not yet proved) it followsitt every homogeneous
system of parameters of a graded Cohen-Macaulay maduie M -regular.

The main combinatorial consequence of the Cohen-Macaulagepty is the non-
negativity (or even positivity) of thé-vector.

Theorem 5.5. Let R be a positively graded affin&-algebra, M a finitely generated

graded Cohen-MacaulaR-module, and leg, ..., g; be the degrees of the elements in
a homogeneous systemn ... ., x; of parameters foiM/ . Let
b .
g, hit!
Hy (1) = —le_a —
Hl:l(l - Zg’)

be the Hilbert series 0. Thenh; > 0 for all ;.
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If R is a Cohen-Macaulay ring generated in degieand

Z?:o hili

Hg(t) = TN

hll#ov

thenh; > 0fori =0,...,u.

Proof. The first assertion follows as in the special case of a singblicormal monoid
algebra considered abowvie: counts the number of degrédasis elements o/ over the
Noether normalization.
Alternatively we could argue as followgg;a h;t" is the Hilbert series oM /(x1, . . .,
xq)M . This follows immediately by induction ao# (compare the proof of Theorem 4.1).
For the second assertion we first extend the field in order taimla degred ho-

mogeneous system,, ..., x,; of parameters. The!(-algelgraﬁ = R/(x1,...,xq) IS
generated in degreleand ;_, A;¢' is its Hilbert series. IfR; = 0, thenR; = 0 for all
= ]. O

Remark 5.6. In the second part of Theorem 5.5 we have used the factRhat K[R;]
only in a very weak form. Whiclk-vectors(hy, ..., h,) can occur for such algebras is
determined byMacaulay’s theoremsee [8, 4.2.15].

In order to apply Theorem 5.5 t@7, or other normal affine monoids we must prove

Theorem 5.7 (Hochster) Let M be a normal affine monoid (with a positive grading).
ThenK[M]is Cohen-Macaulay for every fiel.

The Hochster-Roberts theorer/e want to derive Hochster’s theorem from a more gen-
eral result:

Theorem 5.8(Hochster-Roberts)Let K be a field and letS be a an affine graded& -
subalgebra of a polynomial rin®@ = K[X7,..., X,]. If there exists arf-submoduler’
of R suchthatR = S & T, thenS is Cohen-Macaulay.

Theorem 5.8, in conjunction with Proposition 1.5, immeelyatmplies Hochster’s the-
orem. The theorem of Hochster-Roberts is proved by redutbieharacteristigpp. How-
ever, in general the hypothegts= S & T in the theorem would not survive the reduction.
Therefore one has to prove a more general statement.

Theorem 5.9. Let K be a field, and letfi,..., f; be algebraically independent ho-
mogeneous elements of positive degreRin= K[Xi,..., X,]. Suppose that is a
module-finite grade&[ 11, ..., f;]-algebra such that there exists a homogeneous homo-
morphismys : S — Rof K[ f1,..., fs]-algebras. Ifg, +1 fr+1 = g1 /1 +---+ g f» With
g1,--.,8r+1 € Sforsomer,0 <r <s—1,theny(g,+1) € (f1,..., f+)R.

For the derivation of the Hochster-Roberts theorem we chgpse., f; as a homo-
geneous system of parameters randy : § — R as the given embedding. We
want to show thatfi, ..., f; is S-regular. If it should fail, then we have an equation
S frar=a1 i+ -+g frwithg. 1 € (f1,..., f,)S for somer. On the other
hand, Theorem 5.9 shows thgt,; € (f1,..., f;)R, and this is a contradiction: since
R=S®T,onehad RN S = I forevery ideall of S.
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Proof of Theorend.9. It needs two steps:

(i) the case of positive characteristic;
(i) the reduction from characteristicto positive characteristic.

Under the general hypothesis of the theorem step (ii) istieally demanding (see [8, p.
294]). Therefore we restrict ourselves to step (i), and é@p i) only for algebras that,
roughly speaking, can be defined over the #Zhgf integers; see Proposition 5.11 below.

So letK be afield of characteristie > 0. We can replac& by its algebraic closuré.
The hypothesis certainly survives the base field extensidn &nd so does the conclusion
sincelL[Xy,..., X,]N K[X1,..., X,] = I for every ideall of K[X1,..., X,]. We may
therefore assume that = K7.

There exist a finitely generated fréd /1, ..., f;]-submoduleF C S and a non-zero
elementt € K[ f1,..., fs]suchthatS C F (just becaus&] f1, ..., f;] isa domain and
S is finitely generated).

Letg = p° be a power of the characteristig take theg-th power of the equation

gr+1fr+1 = 211 + -+ + g f» and multiply byc to obtain

r

(cgl ) i = Z(Cg?)fiq-

i=1

The elementgg!, i = 1,...,r + 1, are in the freeK[fi, ..., f;]-module F, and in
K[ fi,..., fs] the elementsfi, ..., f; behave like indeterminates. Thus an elementary
argumentyields the existencelgf, € F withcg! = h;, /", fori =1,...,r. By substi-
tuting these expressions into the previous equation angiagp/ : S — K[X1, ..., Xj]

one has

cff (@) =) L1 Whig). hence ey (g = 7V (hig).

i=1 i=1

Let M be the set of monomiajs = X' --- X{" with u; < g fori =1,...,n. Taking
¢-th powers in the algebraically closed fiekdis bijective. Therefore every elemeinte

K[Xi, ..., Xy] has a necessarilyniquerepresentation = » .5, (h,)?; in particular,
Y(hig) = Y (higy)? .
ueM
Thus

Z fqu(hiq) = Z (Z hiquﬁ)qu = Z (hqu)q,u

neEM i=1 neEM

with iz, € (f1,..., fr)R.
The crucial point is that does not depend o). We choose; so large that =
> uem Cui With ¢ € K. Lete, = (c,)?. Then

Y (@)=Y (hg)p.

neM neM
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Sincec # 0 there existg with ¢, # 0, and so

l”(gr+1) = ihqu € (fl,.--,fr)R. O
Cu

Remark 5.10. (a) This proof of the Hochster-Roberts theorem is due to FpKnbis a
condensation of a tight closure proof by Hochster and Huiisde [8, 10.1.14]).

(b) The Hochster-Roberts theorem can be strengthened. taatbasticO direct sum-
mandsR of polynomial rings (or the affine varieties defined by themaydrational sin-
gularities by a theorem of Boutot [5]; also see Gurjar [15]characteristicp Hochster
and Huneke showed th& is F-regular; see [8, 10.1.3]. These properties include that
is Cohen-Macaulay.

(c) A general Cohen-Macaulay criterion for affine monoid sngas established by
Trung and Hoa [28].

Now Stanley’s conjecture (ADG-4) has been completely pdovea fact, for the com-
binatorial application we are free to choose the coefficimid K, and so we take an
infinite field of arbitrary positive characteristic. Moremywe have shown that every ho-
mogeneous system of parameters in a direct summand of agoigthring over such a
field, for example inK[.#,], is a regular sequence.

Free Z-algebras. Let M be an affine monoid. Then we can define the monoid algebra
Z[M]in the same way as the monoid algesfgl/ | whereK is a field: we choose a free
Z-module with a basis corresponding to the element® ofind use the monoid operation
for the multiplication table. TheK[M ]| = Z[M ] ®z K for every fieldK .

Proposition 5.11. Let R be a positively graded, finitely generated and torsionfzee
algebra. IfR ® Z/(p) is Cohen-Macaulay for at least one prime numbpethenR ® K
is Cohen-Macaulay for every fielld of characteristid).

Proof. Note thatR = R ® Z/(p) is a positively graded affine algebra over the field
Z/(p). We choose a homogeneous system of paramegters., x;, and homogeneous
representatives,, ..., xy in R. Moreover we choose a finite homogeneous system of
generatorsyi, ... ., y,, (of positive degree) ofR over Z/(p)[X1,...,%4] and homoge-
neous representatives, ..., v, € R.

The bridge from characteristip to characteristi® is the ring of fractionsR(,) =
R ® Z ) whereZ ) is the ring of all rational numbers whose denominators ate no
divisible by p — it is just the localization oZ with respect to the prime ideg@p). We
claim thatR(,) is generated over its subalgela,)[x;, ..., xz] by y1,..., ym. In fact,
consider a single graded componéRt) ® Z ). Itis a finitely generate@ (,)-module,
sinceR; is finitely generated oveZ. Let N be the submodule dfR,)); generated by
the elements of typgy; wherep is a monomial inxy,...,x;. By the choice of the
x; and y; we have(R(p))i = N + p(Rp))i, SINC&(R(p))i/ p(R(p))i = Ri/pRi. By
the elementary divisor theorem, applied to the free modRlg,); and its submoduley
over the Euclidean domaié,y (or Nakayama’'s lemma), it follows thaR,)); = N, as
desired.

Before we discuss the Cohen-Macaulay propertRad K, let us observe that,, .. .,
x4 IS @ homogeneous system of parametersRoRp Q. The inversion ofp leads us
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from R(,) to Ry = R ® Q, and thereforeR ® Q is a finitely generated module over
Q[x1,...,xq]- But R ® Q has the same Krull dimension #&® Z/(p). For example,
this can be concluded from the coincidence of their Hilbentctions:

H(R®Z/(p).i) =rankz R; = H(R® Q. ).

By hypothesisy,, ..., X4 is an R-sequence. Moreover is a non-zero-divisor omR
since R is torsionfree. Thereforg, x1,...,x; IS an R-sequence. This property is not
lost if we pass to the ring of fraction8,) = R ® Z,). Now we can conclude that

(i) x1,...,xq are algebraically independent ov&y,, and
(i) R(p) is afree module oveZ ,)[xy, ..., xq].

Claim (i) holds sincexy, ..., x4 are algebraically independent ov&r and claim (ii) can
be proved by the same induction as the implication=b)a) of 5.3. For the cas¢ = 0
one uses thaZ ) is a discrete valuation domain over which a finitely generatedule
is free if p is a non-zero-divisor on it.

Now it is clear that we can permuge x4, ..., x; without loosing the property that it
is anR,)-sequence. By inversion of it follows thatx;, ..., x4 is anR ® Q-sequence.
The passage fromR to an arbitrary field of characteristit is harmless, as observed
immediately after Definition 5.2. O

Homogeneous systems of parameters in Cohen-Macaulay ringsnains to show the
equivalence of (b) and (c) in Proposition 5.3. We can assuimaeAnnM = 0. There
is nothing to show in dimensiod = 0, butd = 1 is the critical case. Let; and y,
be homogeneous system of parametersMarIf x; is a non-zero-divisor, then all zero-
divisors of M must be contained in minimal prime ideals Bf On the other handy;
cannot be contained in such a prime ideal, and thereforeamaearo-divisor.

The equivalence 5.3 (&= (b) shows that we can permute a homogeneous system of
parameters without destroying the property of beinglarsequence. This will now be
used.

Ford > 1 we argue by induction. Suppose that ..., x; is a homogeneous system
of parameters and a#/ -sequence. We can replace theby suitable powers to obtain

elements of the same degrefx;, ..., x4] is a free module ove§ = K[x}',..., x],
and soM is free overS. We can assume thaf is infinite.

The residue class rin®k = R/(y1,...,Yq4—1) has dimensionl. It is not possible
that the residue classes ®f, ..., x; are all contained in a single minimal prime ideal

of R. By the prime avoidance lemma 3.2 we therefore find a linearbioation x’ =
a;xi1+---+agxqg whose residue class is not contained in such a prime idealvaqntly,

Y1...., Yd—1,Xx"is @a homogeneous system of parameters.
Permuting thex; if necessary we can assume that# 0. As follows from 5.3 (a)
= (b), alsox’, x,, ..., x4 is an M -sequence. S@®,,...,x, is an(M/x’'M)-sequence.

By inductionyy, ..., ys—1 is an(M/x'M)-sequence, too. Thus, y;,...,ys—;1 IS an
M -sequence. Finally, a similar argument allows us to repldey y, (here it is used
thatd > 1).
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6. THE CANONICAL MODULE AND GORENSTEIN RINGS

A functional equation for the Hilbert seriebet R = K[#,] andd = dmR =

(n —1)? + 1. The equationP,(—k) = (—1)"'P,(k — n) in (ADG-3) (together with
the not yet proved fact thaif (R,r) = P,(r) for all » > 0) encodes a functional equa-
tion between the rational functiondz(¢) and Hg(:~') where the latter is obtained by
the substitution of ! for z. The substitution — ¢~! transforms the Laurent expansion
of Hg(t) at0 into the Laurent expansion dfz(¢~!) at co, but what we really want to
compare are the Laurent expansion8:at

Lemma 6.1.Let P : Z — C be a quasi-polynomial. Sei () = > 7o, P(k)¢* and
G(t) = — > 52, P(—k)tk. ThenH and G are rational functions. Moreover

H@) =G@t™).

Proof. We have to exercise some care and need precise notationgang®ns. IfR is
a rational function, then we le¥,(R) and.%,(R) denote the Laurent expansionsiat
andoo resp. One obtaing,, (R) as follows: in the Laurent expansion &{:~!) at0 one
replaces by 1.

Both % (R) and % (R) are elements of the abelian gro@fz, :~!] of formal Lau-
rent serie)_, ., axt*. Note that the multiplication of elements &f¢, '] by Laurent
polynomials is well-defined. It makeS[z, '] a module ovelC[t, #~']. Moreover, the
maps.%, and.%,, from the field of rational functions t&[z, 7] are both injective and
C[z, t~']-linear.

SetJ = G(t™), 0 = (1 =) and F = Ly(H) — Ls(J). SinceZLs(J) =
— > %2, P(=k)t™%, we haveF = Y, _, P(k)t*. Letd be the degree of ande its
period. Then

QF:(I e)d+1F_O
Infact, (1 —t°)F = ZkeZ P(k)t* with the quasi-polynomiaP whose components;,
i =1,... e aregiven byP;(j) = Pi(j) — Pi(j — 1), j € Z. ThusP has lower degree
thanP, and the claim follows by induction os.

By C[z, ™ !]-linearity one has

Q% (H) — 0Zx(J) = Q(L(H) — Zo(J)) = QF = 0.

Thek-th coefficient ofQ.%,( H) vanishes fok < 0, and thel-th coefficient ofQ %, (J)
vanishes fo > (d + 1)e. So the equation can only hold@.%,(H) and Q% (J) are
the same Laurent polynomi&l.

By the injectivity andC|z, ~!]-linearity of the assignmenk — %,(R) we conclude
that H = K/Q, and similarlyG(t~!) = J = K/ Q. O

Remark 6.2. We have not really used the hypothesis tRais a quasi-polynomial. It is
enough thatF' is annihilated by a non-zero polynomial or, equivalenthattthe values
P (k) satisfy a linear difference equation with constant coedfits.

We know from Theorem 4.2 that (ADG-2) follows if the Hilberrges of K[.#),] has
degree—n. If this should indeed be true, then (ADG-3) is equivalenth® validity of a
functional equation for the Hilbert series:
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Corollary 6.3. Let R be a positively graded, finitely generatédalgebra of Krull di-
mensiond, and let P be its Hilbert quasi-polynomial. Suppose that the Hilbetiss
Hpg(t) has degreer < 0. Then the following are equivalent:

(@) P(—k) = (—=1)4'P(k + g) forall k € Z;

(b) (~D)?Hg(r™") = 17¢ Hg(2).

This follows from Lemma 6.1 by comparison of coefficients miectakes into account
that H(R,k) = P(k)forallk > 0andP(—k) =0fork =1,...,g — 1 (see Theorem
4.4).

The canonical module and Gorenstein ringdhe approach to the proof of (ADG-2) and
(ADG-3) that we will take consists of two major steps:
(i) the construction of a gradel-modulew = wg for aCohen-Macaulayositively
gradedK -algebraR such thatH,, (1) = (—1)? Hg(t~"), and
(ii) the exact computation abg for normal affine monoid algebras, and in particular
for K[,
Step (i) is not difficult. Let us first consider the case in WhiR = K[X1,..., X4]is
the polynomial ring ovelk with grading given by ded; = g;. Sete = — Zf’zl g; and
® = R(e). Then

- [T, 1 d 1
(6) Hy(1) =17°Hg(t) = ————— = (=D Hr(7").
[Ti=, (1 —189)
If R is a Cohen-Macaulay positively gradédalgebra with graded Noether normaliza-
tion S = K[xyq,...,xq] = K[X1,..., X4], we set

WR = HomS(R, ws).

The modulewy (whose construction so far may depend on the choic&)dias indeed
the structure of aR-module defined byag)(b) = ¢(ab) foralla,b € R.

For the computation of its Hilbert series we only need fhstructure. Every di-
rect summands(— ;) of the freeS-module R accounts for a summand HgS (— /),
S(e)) = S(e + j) of wg. Let

o hjt!

Hg(t) = —%:]_0 ’ —.
[Ti=i (1 —159)
ThenR = @, S(—j)%, and so

4 hit¢ 1= “ .
Zji—" d = — Y bt = (=) Hp(rY).
[lio(L—28) [l (1 —28) ;55
We have reached our goaliz has the right Hilbert series, independently of the choice

of the Noether normalization used in its construction. Weapéement the combinatorial
information onwy by

(1) Hop() =

Proposition 6.4. Let R be a positively graded Cohen-Macaul&yralgebra of Krull di-
mensiord with Hilbert quasi-polynomialP. Then

(@) degHg(r) = —min{i : (wr); # 0};
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(b) k +— (—1)¥~!' P(—k) is the Hilbert quasi-polynomial abz, and
H(wg. k) = (=1)9"'P(—k)  forall k > 1.

Part (a) follows from equation (7) since the lowest degrgeeapng in the numerator
polynomial of H,(¢) is — degHg(t). For part (b) one writes

00 degHR (?)
(8) Hr(t) =) Pk)i*+ > (H(R.k)— P(k))*
k=0 k=0

and applies Lemma 6.1.
As our notationwg, in which the Noether normalization does not appear, suggess
module is uniquely determined ¥ (up to homogeneous isomorphism).

Definition 6.5. The modulewy, is called thecanonical modulef R. One says thaR is
aGorenstein ringf wg is isomorphic toR (/) for someh € Z.

Before we indicate whywg is uniquely determined, we describe the combinatorial
consequences of the Gorenstein property.

Theorem 6.6(Stanley) Let R be a positively graded, finitely generatédalgebra of
Krull dimensiond, let Hg(t) = (ho + -+ + hut*)/ ]_[721(1 — t8i) with 4, # 0 be the
Hilbert series ofR, and P the Hilbert quasi-polynomial. Suppose thtis a Gorenstein
ring. Then

(@) wr = R(g), g = degHR(1);

(b) hi = hy—; fori =0, ..., u: the h-vector is palindromic;

(€) Hr(r™") = (=1)?17¢ Hr(1);

(d) P(=k) = (=1)¥"'P(k +g)forall k € Z.

Conversely, ifR is a Cohen-Macaulay integral domain such that

He(™") = (=) ™" Hg(1)

for someh € Z, thenR is Gorenstein.

Proof. Let R be a Gorenstein ring, sayg = R(/). Then we havel,, (1) = t~" Hz(2).
Thus

(—D?Hg(t™") = 17" Hg (1)
In particular the numerator polynomials on both sides mastdpal:

u u
78 =My
Jj=0 Jj=0

This is only possible it = g and thek-vector is palindromic. This proves (a), (b), and
(c). The equation in (d) follows from Proposition 6.4 by caripon of coefficients for
k > 0. (However, ifg > 0, (d) does not imply (c).)

For the converse we choose a non-zero elemeot degree—/ in wg. The linear
mapé : a — ax from R to wg is injective, sincawy is torsionfree andR is an integral
domain. Comparing the Hilbert series of the image with that gfwe conclude thag is
surjective, too. O
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The proof thatwg is unique up to homogeneous isomorphism requires the use-of d
rived functors. First one shows that

K, j=d,
07 ]#d'

This is to be understood as a relation between graded modiles R/m (with m =
Pr=, Rx) lives in degred. Equation (9) implies that the localizati¢®mg)., is a canoni-
cal module of the local rin@®R .. As such itis uniquely determined up ig,-isomorphism.
Finitely generated gradeR-modules that become isomorphic after the passadkg,tare
isomorphic up to a shift. Thus graded canonical modulgsandw’, are isomorphic up
to a shift. A non-zero shift is ruled out, since it would showin Exts (K, wg) (or in the
Hilbert series). See [8, 3.6.9] for more details.

Equation (9) is proved by induction eh First letd = 0. ThenK itself is the Noether
normalization, andbg = RY = Homg (R, K). Thus (9) follows from

9) Exte (K, wg) = {

(i) the exactness of th&-linear functorV — V'V assigning each finitely generated
gradedR-module M its gradedK-dual, and

(ii) the natural isomorphism/ = (M) if dimg M < oc.
The functorM +— MY is defined on the category of grad&dvector spacestp M; —
P N; with N; = Homg (M_;, K), and (i) and (ii) follow from the general properties of
gradedK-duality. For (ii) it is enough that diga M; < oo for all .

The general case is reduced inductively to the ease 0. Letxq, ..., x; be a homo-
geneous system of parameters as usual,sard K[x,...,xq]. We setR = R/x4R
andS = S/x4S. By constructionws = (ws/xqws)(degx,), and it follows that

wi = (wr/xqwg)(degxy).
Sincex; annihilatesK and is a non-zero-divisor ang, the graded Rees lemma (see [8,
3.1.16 and 4.4.20]) yields
EXt%(K, WR/XdWR) = EXtiRH(K, wg)(—degxy) i €Z,
and the two opposite shifts cancel each other in the passageX to R.
Remark 6.7. (a) If we evaluate equation (8) beyond Proposition 6.4(@ntwe obtain
H(wg,k) = (-1)?(H(R,—k) — P(=k)), keZ.

The right hand side has appeared before, namely in Theor@mSinceR is Cohen-
Macaulay, the local cohomology modulég (R) vanish fori < d, and soH (wg, k) =
H(Hlﬁ(R), —k) for all k. The equality of the Hilbert functions shows thay is the
gradedk -dual of % (R), at least as & -vector space.

This statement can be either viewed as part of the graded doedity theorem [8,
3.6.19] or used for an intrinsic definition afy.

(b) Once it is known thatvy is the gradedK-dual of Hg(R), equation (8) follows
immediately from Theorem 4.8.
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Simplicial monoids revisitedNow it has become clear that (ADG-3) is equivalent to the
Gorenstein property oK[.#,]. In order to prove it, we have to determine the canonical
module. We will solve this task for every normal affine monoity. As in the previous
section, the simplicial normal monoids lead us to the gdrieemrem.

Proposition 6.8. Let M be a simplicial normal affine monoid, and Iétbe the ideal
generated by the monomials in the interior®f M. ThenI is the graded canonical
module ofR.

Proof. We choosex; € M,i = 1,...,d, as in the proof of Proposition 5.1, namely as a
linearly independent system of generator®gf}/ . They form a homogeneous system of
parameters, generating the Noether normaliza$iari R. As a realization of the module
ws = S(—)_degy;) we choose the&-submoduleSx, x = x;--- x4, Of R.

Let zq,...,z, be the monomial basis of th&-module R given by the monomials
corresponding to the lattice points in p&y, ..., xz). Thenz, = x/z; is a monomial in
the interior ofR+ M, and, as is easily checked, thieform a basis off as anS-module.
Now we identify Honx (R, ws) with the S-module/ as follows: z/(z;) = x if i = j,
and= 0 otherwise.

One must of course check that HoR, wg) and I are isomorphic aR-modules.
This is left to the reader. O

O ° ° ° o o

FIGURE 4. The basis of the interior ideal

At this point we should note that Proposition 6.8 opens alguwembinatorial door-
way to counting the elements in a normal affine monoid. Foreteenentary notions of
combinatorial topology used in the proof of the next proposiwe refer the reader to [6]
or [29]. By relint(F) we denote the relative interior df, that is the interior ofF* with
respect to the topology on its affine hull.

Proposition 6.9. Let M c Z“ be a normal simplicial affine monoid with a positive
gradingdeg SetM; = {x € M : degx = k}. Then there exists a quasi-polynomial
such that

#My = P(k) forall k > 0.

Proof. We triangulate the conB, M into a family of simplicial subcones whose rays
pass through elements 8f . (The extreme rays d® M suffice.) This induces a disjoint
decomposition oR; M \ {0} into the relative interiors of the conds € .7, F # {0}.
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Thus, for allk > 0,
#HM,; = Z #(relint(F) N My).
Fez
By Proposition 5.1 the number of degreé&ttice points inF is given by a quasi-polynom-
ial P forall £ > 0; in particular Pr(0) = 1. Proposition 6.8 shows that

#(relint(F) N M) = (=)™ 1 Pp(—k)

forallk > 1.
Let Hyr (1) = Y ey #Myit* be the generating function. We have shown that

Hy (1) =1+ Y (=)™ pp(—k)i*.

k=1FeZ

With P(k) = Y pc 7 (—1)¥MF~1 Pp(—k) it remains to verify that? (0) = 1.
We have not yet used the convexity®f M! Rewriting the sumd_(—1)4MF~1 Pr(0)
according to the dimension of the faces we obtain

d—1
D (D) Pr(—k) = Y (=) fi,
i=0

Fes

where f; counts the number of faces.iA that have dimensioin- 1. Consider a polytopal
cross-sectiod] of R4 M. An (i 4+ 1)-dimensional face € .% intersectdT in a simplex
of dimensioni. ThereforeP(0) is the Euler characteristic dil. But IT is a convex
polytope, homotopic to a point, and £40) = 1. O

For the combinatorial application the algebraic properté K[.#,] and its interior
ideal are irrelevant. It is enough to show thdj(r) = (—1)? Hg(t~!). Using more
advanced arguments of combinatorics, it is indeed possibdierive this equation from
the simplicial case; see [26, 4.6].

The canonical module of a normal affine monoid algehrat us return to our main goal,
the computation of the canonical module of a normal affine aiebalgebra: Proposition
6.8 is a very strong sign that it should always be given by niberior ideal/. In fact, if
this turns out to be true, then (ADG-2) and (ADG-3) have beevgd simultaneously.
A magic squarex in the interior of R..#, is not contained in any of the coordinate
hyperplanes, and we can subtract the sqdandth all entriesl fromit: x — 1 € .#,.
It follows that the monomial corresponding fogenerated. It has degree. So/ =~
K[.,)(—n), the ring K[.#,] is indeed Gorenstein, and its Hilbert series has degree
At this point it seems inevitable to use the monomial strieetf K[M] in a deeper
way than only through positive gradings. We need a definibibcanonical module that
respects this structure. So far the grading group of a gradgdhas always been the group
Z. However, all the notions introduced in Section 2 can besfiemmed to more general
grading groups. For us it is enough to allow the groups (ispmo to) Z” forn > 1.
An affine monoid algebra&k = K[M] has a decompositio@uegp(M) R, by its very
definition: R, = Ku forall u € M andR, = 0 for all monomialsu € gp(M) \ M.
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Definition 6.10. Let R be aZ"-graded Cohen-Macaulay ring such that the homogeneous
non-units generate a proper idgabf R. Thenp is necessarily a prime ideal; we set
d = dim R,,. One says thab is aZ"-graded canonical modulef R if

R/p’ ]:dv
0, j#d.

Our discussion of equation (9) and the uniqueness oZifggaded canonical module
shows that the definitions 6.5 and 6.10 are compatible. M@mrea generalization of the
arguments of [8, 3.6.9] (to which we have referred alreadiypws that theZ”-graded
canonical module is again uniquely determined. In the Yalhg we will simply speak of
the multigraded canonical module.

In K[M], with its grading by gpM ), the non-units even generate a maximal ideal so
that it is a candidate for the use of Definition 6.10. As we haivewn aboveK[M ] has a
multigraded canonical module # is simplicial. (That equation (10) is satisfied can be
shown by varying the positivé-grading.) However, in the non-simplicial case it is not
clear whether the canonical module Bf constructed via a non-monomial homogeneous
system of parameters, has a multigraded structure at akeldre various ways to find it;
we use a divisorial approach.

The canonical module (with respect to a posit@egrading) is a Cohen-Macaulay
module overR, and therefore a reflexive module: the natural homomorphism

@ — Homg(Hom(w, R), R)

is an isomorphism. Moreoves has rankl as anR-module (since it has the same rank
as R over a Noether normalization). Therefore it is isomorpbia{(fractional) divisorial
ideal of R. According to equation (4) there exist integeys. . ., ¢; such that

(10) Exty(R/p, ) = {

wg = p' . npe,
The prime idealyp; are defined by the support forms of the mon#fd see Section 1. We

would like to show that; = --- = ¢; = 1 is a possible choice since the “interior ideal”
I is exactlyp; N --- N py.
The numbersy, ..., ¢, are not uniquely determined. Therefore let us first make a

choice that respects only the module structure and not gegridding. Denote the chosen
ideal by J. At least we have realized thR-modulewy as aZ“-graded module/. It
follows that Exf},(K, J) is aZ“-graded module, too. On the other hand, it is jKstas

a multigraded module we can identify it witkiv wherev is a monomial in gpM'). We
are free to replacé by v=!'J. Then Exﬁ(K, v~!J) is indeedK in multidegree): this is
the right choice for the multigraded canonical module. Wg malonger be able to write
v~1J as an intersection of symbolic powers. But clearly

wrg=v ' J=VN---NV,
where
Vi=K{x:xegp(M), oi(x) = ¢}

with uniquely determined, possibly negative integérs- ¢; — o;(v), and for the desired
generalization of Proposition 6.8 it remains to show that --- = ¢, = 1.
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Let F; be the facet ofR . M that contains the s&& of monomials not inp;. We in-
vert all of them and pass to the rinf§§ = R[G™!]. In this ring the non-units among
the monomials generate the prime idggl = p;S;. ThenS;/B; is the Laurent poly-
nomial ring K[U] whereU is the group of monomials living in the support hyperplane
of R4+ M throughF;. The multigraded canonical modulg; is defined by the condition
that Extgi (Si/Bi, ws;) = Si/Pi for j = 1 (the Krull dimension of(S;)q,) and= 0
otherwise. The ided}; is a principal ideal generated by every monomial that haseval
1 under the support form;, and it is now easy to see th; is the unique multigraded
canonical module of;.

The final step is to show that the multigraded canonical modtialcalizes™ ws, =
wr ® S;. We omit this rather technical argument; it is indicated imfaek 6.12(a) and
will be carried out in [6]. Note thal; ® S; = K[gp(M)]if j #i,andV; ® S; = V..
Therefore, on the one hands, = wg ® S; = V;, and, on the other handys, = ‘B;.
These two modules coincide if and onlycjf= 1.

Theorem 6.11(Danilov, Stanley) Let M be a normal affine monoid, anfl’ a field.
Then the ideal generated by the monomials in the interiorfof M is the multigraded
canonical module oK[M].

Remark 6.12. (a) The only case in which one has a multigraded Noether riczatian,
namely one generated by monomials, is that of a simplicfal@monoid. Consequently
there is no simple way for the construction of the multigch@@anonical module. A
method that always works is to represéhas the residue class ring of a polynomial ring
P = K[Xi,...,X,] over K. The grading ofR can be pulled back t@ by giving each
indeterminate the degree of its residue class. The muiltegtacanonical module oP
iswp = R(—)_degX;). As a P-module, R has a finite multigraded free resolution,
and Ex§, (R, wp), c = dim P — dim R, is a multigraded canonical module fif(see [8,
3.6.12] for theZ-graded case).

This approach can be used for a proof of the localization ®@ntlultigraded canonical
module, since it reduces the question to the polynomial fing

(b) One can also use local conomology and graded local gldatithe proof of Hoch-
ster's theorem and the computation of the canonical modsla) Stanley’s original proof
[25] or in the version presented in [8]. It uses the topolabproperties of the face lattice
of the coneR, M .

Danilov [11] exploits the representation of the canonicabtioe as the module of regu-
lar differentiald-forms,d = dim R. It can be determined by essentially the same method
that we have applied for the divisorial approach.

Remark 6.13. Let us consider a general system of homogeneous linearatidiple equa-
tions.Z, say inm variables. We can assume that there exists a strictly pesblution.
Then the monoid of non-negative solution is normal, all the results aboy@yg@and for

a suitable degree function o (ADG-1)—(ADG-4) remain valid, apart from inevitable
adjustments:

(i) in general the numbeH (.Z, k) of degreek solutions is given only by a quasi-
polynomial Q for all k > 0;
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(i) one hasQ(—k) = 0forallk = 1,...,s — 1, wheres is the smallest degree of a

strictly positive solution;

(iii) the general form of (ADG-3) iQ(—r) = (=1)4~' 0% (k) whereQ* (k) counts

the number of the degrdestrictly positive solutions and is the rank ofM;

(iv) if (1,...,1) is a solution to.Z (necessarily of degreg, then (ADG-3) remains

fully valid: Q(=k) = (=1)47'Q(k — ).

Stanley [25], [27] has extended the commutative algebracaah to the study of the
solutions of the inhomogeneous systems associated &ithThe K-vector spaceD
whose basis is given by the non-negative solutions to arceded inhomogeneous sys-
tem is a rank module overK[M . If D is a Cohen-Macaulay module, then a reciprocity
law holds similar to that in (iii).

Under certain conditions all these rahknodules are divisorial (and a Cohen-Macaulay
rank1 module is automatically divisorial). However, up to isomioism overK|[M ], there
exist only finitely many Cohen-Macaulay divisorial idealseg7].

Ehrhart functions.Let P C R” be a rational polytope, i. e. the convex hull of finitely
many pointsxy, ..., x,,. The study of the function

E(P,k)y=#kPNZ"),
counting the lattice points in the multiplé = {kx : x € P}, k € Z, was pioneered
by E. Ehrhart [12]. For the commutative algebra approachete |

C(P)=R+(P,1) =R {(y,) eR"™ 1y e P}

be the cone oveP. The cone is generated by finitely many rational vectors taedefore
M = C(P) N Z"*!is a normal affine monoid. As the grading #h we choose the last
coordinate of the elemenise M. Let K be a field. Then clearly

E(P.k) = H(K[M], k),
and all the results on affine monoid algebras can be expléotethe study ofE(P, k).
The Hilbert function of the canonical module &f{ /] is given by

ET (P, k) = #(relint(kP) N Z").

The corresponding generating functions are

Ep(t) =) E(P.k)* and  Ej(1) =) E*(P.k)i*.
k=0 k=0
Theorem 6.14(Ehrhart) Let P C R” be ad-dimensional rational polytopel > 0. Then

(a) Ep(?) is a rational function, and there exist quasi-polynomigélsand Ot with
E(P.k)y= Q(k)forall k > 0andE* (P, k) = O* (k) forall k > I;
(b) EZ(t) = (=) Ep(¢71), equivalently

Ok)= (D0 (—k) forall k>1.

If P is even an integral polytope, i. e. its vertices belon@to then E(P, k) is given
by a polynomial, sinc&k[M ] is finite over its subalgebr& generated by the monomials
(x, 1), x avertex of P, andS is an algebra generated in degile& hereforeK[M ] has a
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well-defined multiplicity. In order to save us a discussiébra@ume functions, we restrict
the corollary to full-dimensional polytopes:

Corollary 6.15. Let P C R? be ad-dimensional integral polytope, and I&f[A/] be the
normal monoid algebra constructed above. Then

e(K[M]) = d! vol P.
Proof. Elementary arguments of measure theory show that the vobdintes

E(P,k)

k—o0

Being the Hilbert polynomial of thé&/ + 1)-dimensionalS-module,E (P, k) has degree
d. Thus its leading coefficient is given by vBlL On the other hand, it is also given by

e(k[M])/d!. O
Unimodality of thei-vector. As we have seen, thie-vector (hy, ..., h,) of the Goren-
stein ring K[.#,] is palindromic: 4,_; = h; fori = 0,...,u. Stanley's conjecture

(ADG-5) asks whether it isnimodal i. e. it increases until it reaches its maximum and
decreases afterwards. This conjecture has been provednlay@diadis [3] and general-
ized to the Ehrhart functions of compressed Gorensteint@ods —P is Gorensteinif
K[M] is Gorenstein, and is compressed if all its so-called pulling triangulatiome a
unimodular. Meanwhile it has been shown byrRer and the author [10] that unimodality
holds for the Ehrhart functions of Gorenstein lattice popgs, provided they have at least
one regular unimodular triangulation. (See [6] for the owtdf regular triangulation.)

The method of proof is a reduction to Stanley’sheorem for simplicial polytopes, for
which no access via commutative algebra has been found.soHarsimplicial polytope
is constructed from the unimodular triangulation and itnsgelifficult to further weaken
the hypothesis oP.

The existence of a unimodular triangulation implies thk@d/ ] is generated by its de-
greel elements. If not even this condition is fulfilled, then theggmtors of higher degree
induce “phenomena of higher period” in thevector. Unimodality can no longer be ex-
pected, and an example of a Gorenstein polytBder which unimodality fails has been
given by Mustat and Payne. [20].

To the best of our knowledge it is still an open question wlethere exist graded
Gorenstein integral domains that are generated in degréet whose/-vector is not
unimodal.
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