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ABSTRACT. In 1966 the Indian mathematicians H. Anand, V. C. Dumir, andH. Gupta
investigated a combinatorial distribution problem and formulated some conjectures on
the number of solutions. These conjectures were solved and extended by R. Stanley. His
solution, based on methods of commutative algebra, was one of the starting points of
combinatorial commutative algebra. In this article we describe the conjectures and their
proofs and introduce the notions of commutative algebra on which the proofs are based.
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INTRODUCTION

In 1966 the Indian mathematicians H. Anand, V. C. Dumir, and H.Gupta [2] investi-
gated a combinatorial distribution problem that they had learnt from a paper of K. Manjo:
suppose thatn distinct objects, each available inr identical copies, are distributed among
n persons in such a way that each person receives exactlyr objects. What can be said
about the numberH.n; r/ of such distributions?Based on their investigation ofH.3; r/,
for which they gave an explicit formula, Anand, Dumir, and Gupta formulated several
conjectures:

(ADG-1) there exists a polynomialPn.r/ of degree.n � 1/2 such thatH.n; r/ D Pn.r/

for all r � 0;

(ADG-2) H.n; r/ D Pr .n/ for all r > �n; in particularPn.�r/ D 0, r D 1; : : : ; n � 1;

(ADG-3) Pn.�r/ D .�1/.n�1/2

Pn.r � n/ for all r 2 Z.
1
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In the original formulation (ADG-1) is not present. We have split the original conjecture
into two parts since (ADG-1) is substantially easier to prove than (ADG-2).

The combinatorial problem can be recast as follows. If we letaij denote the number of
copies of objecti that personj receives, thenA D .aij / 2 Zn�n

C is ann � n matrix with
non-negative integral entries such that

(1)
n

X

kD1

aik D

n
X

lD1

alj D r; i; j D 1; : : : ; n:

ClearlyH.n; r/ is the number of such matricesA. The system of equations (1) is part of
the definition ofmagic squares. For such squares one usually requires that the sums over
their diagonal and anti-diagonal also have the same valuer , and true magicn� n squares,
like the ones in Figure 1, must have the entries1; : : : ; n2. The 3 � 3 square has been

8 1 6

3 5 7

4 9 2

16 3 2 13

5 10 11 8

9 6 7 12

4 15 14 1

FIGURE 1. Two famous magic squares

found in ancient Chinese sources and the4 � 4 appears in Albrecht D̈urer’s engraving
Melancholia(1514). It has remarkable symmetries and shows the year of its creation.

The system of equations (1) is satisfied by, from a magician’sview point, rather trivial
objects, like the zero matrix, the identity matrix, and the matrix 1 with all entries equal to
1. Although it is highly doubtful that such matrices possess any witchcraft, mathemati-
cians have called them “magic squares”, and we will stick to this terminology.

Generating functions.A very strong tool of enumerative combinatorics, endowed with
real magic power, is the concept of generating function. We have to introduce it in order
to describe Stanley’s extension of the ADG-conjectures. Consider the formal power series

Hn.t/ D

1
X

rD0

H.n; r/t r :

Then, as we will see, (ADG-1) is equivalent to the fact thatHn.t/ is the power series
expansion at0 of a rational function, denoted by the same name,

Hn.t/ D
h0 C h1t C � � � C hutu

.1 � t/.n�1/2C1
; h0 D 1; h1; : : : ; hu 2 Z:

(ADG-2) and (ADG-3) can be converted into properties of thisfunction:

(ADG-2) ” degHn.t/ D u � ..n � 1/2 C 1/ D �n;
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and once (ADG-2) has been proved,

(ADG-3) ” hi D hu�i; i D 0; : : : ;u:

Stanley extended the conjectures by

(ADG-4) h0; : : : ; hu � 0;

(ADG-5) h0 � h1 � � � � � hdu=2e.

In [22], [23] he proved (ADG-1)–(ADG-4) via a translation ofthe problem into commu-
tative algebra. See Stanley’s book [27] for more information on the pre-ADG history of
the problem and on its solution. The major steps of our notes follow the development in
[27].

For results and references on explicit formulas forH.n; r/ and a computer approach to
them we refer the reader to Ahmed, De Loera and Hemmecke [1].

The commutative algebra way.The basic step is to understandH.n; r/ as the Hilbert
function of a gradedK-algebra, whereK is an arbitrary field.

Let Mnr denote the set of solutions to (1) inZn�n
C and set

Mn D

1
[

rD0

Mnr

SinceA C B 2 Mn;rCs for A 2 Mnr , B 2 Mns, the setMn has an algebraic structure: it
is a submonoid ofZn�n

C (under addition). By the theorem of Birkhoff-von Neumann the
monoidMn is generated byMn1, the set ofn � n permutation matrices.

We form the monoid algebraKŒMn�. For this algebra the magic sumr serves as the
degree. As just stated,KŒMn� is finitely generated by the degree1 elements representing
the permutation matrices. Moreover it has Krull dimension.n � 1/2 C 1. After these
observations (ADG-1) follows immediately from the theory of Hilbert functions. The
equationH.n; r/ D Pn.r/ holds for allr > degHn.t/.

The crucial observation for the proof of (ADG-2)–(ADG-4), if approached from the
commutative algebra view point, is the normality of the monoid Mn. Then (ADG-4)
follows from Hochster’s theorem that normal affine monoid algebras are Cohen-Macaulay
rings.

For (ADG-2) and (ADG-3) one has to compute the canonical module! of KŒMn�. By
a theorem of Danilov and Stanley it is the idealI in KŒMn� generated by all elements
corresponding to strictly positive magic squares. This interior idealI is easily seen to
be a principal ideal, generated by the monomial representing the matrix1; it has magic
sumn. Since� degHr .t/ is the lowest degree of a non-zero element in!, it follows that
degHr .t/ D �n. This proves (ADG-2).

The Hilbert series of a graded Cohen-Macaulay ringR and its canonical module!
are related by the functional equationH!.t/ D .�1/dHR.t

�1/, with d D dimR. Since
! Š KŒMn�, more precisely! Š KŒMn�.�n/ as graded modules,KŒMn� is a Gorenstein
ring whose canonical module is generated by an element of positive degree, and in this
case the functional equation appears in the strong version (ADG-3).

We will develop, or at least discuss, all these results, trying to restrict the prerequi-
sites to a level covered by introductions to commutative algebra, for example Atiyah and
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Macdonald [4] or Sharp [21]. Our main tool will be Noether normalizations and homoge-
neous systems of parameters, but for the proof of (ADG-2) and(ADG-3) more advanced
techniques will be needed. Our general reference is Bruns andHerzog [8].

In 2003 conjecture (ADG-5) was proved by Athanasiadis [3] via a reduction to Stan-
ley’s g-theorem for simplicial polytopes. His result has now been extended significantly
by Römer and the author [10]. Finding a commutative algebra proof of the g-theorem is
still a real challenge.

Other developments.The ADG-conjectures were a strong motivation for Stanley’swork,
as is quite apparent from [27]. Nevertheless, and needless to say, the title of these notes is
an exaggeration. At least three other closely related developments must be mentioned:

(i) Hochster [17] proved his theorem on the Cohen-Macaulay property of normal
monoid algebras as a significant step on his way towards the Hochster-Roberts
theorem by which invariant rings of linearly reductive groups acting on polyno-
mial rings are Cohen-Macaulay. Normal affine monoid rings arise as invariant
rings of torus actions.

(ii) A combinatorial problem generalizing the ADG-conjectures had been studied by
E. Ehrhart [12]. LetP be an integral or, more generally, a rational polytope, and let
E.P; r/ denote the number of integral points in the multiplerP , r 2 ZC. If P is
the polytope spanned by then � n-permutation matrices, thenE.P; r/ D H.n; r/.
It is not difficult to interpretE.P; r/ for arbitraryP as the Hilbert function of a
normal monoid algebra. We will discuss it at the end of Section 6.

(iii) Normal affine monoid rings are the coordinate rings of affine and projective toric
varieties, and therefore extremely interesting objects for this branch of algebraic
geometry. See Danilov [11], Kempf, Knudsen, Mumford, and Saint-Donat [19] or
Fulton [14].

Acknowledgement.These notes are an expanded version of my lectures at the Interna-
tional Conference on Commutative Algebra and Combinatorics organized by the Bhaska-
racharya Pratishthana, Pune and the Harish-Chandra ResearchInstitute, Allahabad, De-
cember 2003. I am grateful to the DFG for a travel grant and to our Indian colleagues that
they have made possible a very successful conference in the pleasant environment of the
Harish Chandra Research Institute.1

1. AFFINE MONOIDS

Finite generation.Let us first prove thatMn is indeed generated by the permutation ma-
trices.

Theorem 1.1(Birkhoff-von Neumann). The monoidMn is generated by the permutation
matricesA� 2 M1, � 2 Sn.

1It was a special pleasure for the author to lecture about the ADG-conjectures in the presence of his old
friend V. C. Dumir. In the academic year 1977/78 the Dumir andBruns families were neighbors in the
married student housing at Orchard Downs, Urbana, Illinois.



COMMUTATIVE ALGEBRA AND THE ADG-CONJECTURES 5

Proof. Let B D .bij / 2 Mn, B ¤ 0. We must show that there exists a permutation
� 2 Sn such thatB � A� 2 Mn. For each rowi D 1; : : : ; n set

Ci D fj W bij ¤ 0g:

ConsiderI � f1; : : : ; ng. Then #
S

i2I Ci � #I , as the reader may verify. Therefore the
marriage theorem implies that we can find a permutation� 2 Sn such thatbi�.i/ ¤ 0 for
i D 1; : : : ; n. ClearlyB � A� 2 Mn. �

Without an explicit reference to the magic sumr we could have definedMn as the set
of all matricesA D .aij / 2 Zn�n

C satisfying the system

(2)
n

X

kD1

aik D

n
X

lD1

alj ; i; j D 1; : : : ; n;

of linear homogeneous equations. More generally, ifM is the set of non-negative solu-
tions of a homogeneous diophantine linear system of equations inm variables, thenM is
certainly a submonoid ofZm

C, but it is not immediately clear thatM , like Mn, has a finite
system of generators.

Definition 1.2. A submonoidM � Zm is calledaffine if it is finitely generated. It is
normal if it contains all elementsx 2 Zm such thatcx 2 M for somec 2 Z, c > 0.

Normal affine monoids are the discrete analogues of polyhedral cones, and some poly-
hedral geometry is necessary, or at least very useful, for their exploration.

Theorem 1.3.LetC ¤ ; be a subset ofRm.

(a) Then the following are equivalent:
(i) there exist finitely many elementsy1; : : : ;yn 2 Rm such thatC D RCy1 C

� � � C RCyn;
(ii) there exist finitely many linear forms�1; : : : ; �s such thatC is the intersec-

tion of the half-spacesH C
i D fx W �i.x/ � 0g.

(b) If C generatesRm as a vector space and the representationC D H C
1 \ � � � \ H C

s

is irredundant, then the halfspaces in(ii) above are uniquely determined (up to
enumeration). Equivalently, the linear forms�i are unique up to positive scalar
factors.

(c) The generating elementsy1; : : : ;yn can be chosen inQm (or Zm) if and only if
the�i can be chosen as linear forms with rational (or integral) coefficients.

(d) If Y D fy1; : : : ;yng � Qm, thenQm \ RCY D QCY .

The reader is referred to Ziegler [29] or [6] for a proof. We use the implication
(a) (ii))(i) in order to proveGordan’s lemma. It shows that the finite generation ofMn

is not an accident.

Theorem 1.4.Let�1; : : : ; �p and�1; : : : ; �q beZ-linear forms onZm, and set

M D fx W �i.x/ D 0; i D 1; : : : ;pg \ fx W �j .x/ � 0; j D 1; : : : ; qg:

ThenM is a normal affine monoid.
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Proof. We can replace every equation�i.x/ D 0 by two inequalities so that we may
assumep D 0. ObviouslyM is a normal monoid.

In Rm we consider the cone

C D fx 2 R
m W �j .x/ � 0; j D 1; : : : ; qg

after the extension of the�j to Rm. ThenM D C \ Zm. By Theorem 1.3 there exist
finitely many elementsy1; : : : ;yn 2 M D C \ Zm such that every elementx 2 C can
be written as a linear combinationx D a1y1 C � � � C anyn with non-negative coefficients
ai 2 RC. Then

x D x0 C x00; x0 D ba1cy1 C � � � C bancyn:

Both x0;x00 belong toM , andx00 D b1y1 C � � � C bnyn with bj 2 Œ0; 1/, j D 1; : : : ; n.
Thusx00 belongs to the intersection ofZm with a bounded setB, andy1; : : : ;yn together
with the elements of the finite setM \ B generateM as a monoid. �

0

FIGURE 2. A normal monoid

Normality and purity.The setM of non-negative solutions of a homogeneous linear
diophantine system of equations inm variables is a special type of submonoid ofZm

C: let
G D gp.M / be the subgroup ofZm generated byM ; thenM D G \ Zm

C. One says that
M is apuresubmonoid ofZm

C.
We want to show that every normal affine monoidM can be realized as a pure sub-

monoid ofZs
C for suitables, providedM is positive: x;�x 2 M ) x D 0. Positivity

is an evident necessary condition for the embeddability into Zs
C.

For brevity we let “affine” include “positive” in the following since we are mainly
interested in normal affine monoidsM , and every such monoid decomposes into the
direct sum

(3) M D U.M /˚ M 0

whereU.M / D fx 2 M W �x 2 M g andM 0 is normal, affine and positive. In fact,
the normality ofM implies thatZm=U.M / is torsionfree. HenceU.M / is a free direct
summand ofZm, and we can chooseM 0 as the image ofM under the natural projection
Zm 7! Zm=U.M /. In our context, direct summands that are groups are almost irrelevant.

Proposition 1.5. Let M � Zm be a affine monoid (positive, as understood). Then the
following are equivalent:

(a) M is normal;
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(b) M D RCM \ gp.M /;
(c) M is isomorphic to a pure submonoid ofZs

C for suitables.

Proof. Suppose thatM � Zm is normal, and letx 2 RCM \ gp.M /. The coneRCM is
generated by finitely many elementsy1; : : : ;yn 2 M , andx D a1y1 C � � � C anyn with
a1; : : : ; an 2 QC by Theorem 1.3. Leta 2 Z, a > 0, be a common denominator for
a1; : : : ; an. Thenax 2 M , andx 2 M by hypothesis. This shows (a)) (b).

For (b)) (c) we identify the subgroup gp.M / of Zm with Zr , r D rank gp.M /. The
numberr is called therankof M . We can replaceZm by Zr . LetC D RCM be the cone
generated byM in Rr . By Theorem 1.4 there exist finitely many linear forms�1; : : : ; �s

onRr with integral coefficients such that:

(i) C is the intersection of the half-spacesH C
i D fx 2 Rr W �i.x/ � 0g, i D 1; : : : ; s;

(ii) the representationC D H C
1 \ � � � \ H C

s is irredundant;
(iii) �i.Z

r / D Z, i D 1; : : : ; s.

Up to enumeration, the forms�1; : : : ; �s are uniquely determined. (Property (iii) can be
achieved by extracting the greatest common divisor of the coefficients.) We call them the
support forms.

Consider theZ-linear map� W Zr ! Zs, �.x/ D
�

�1.x/; : : : ; �s.x/
�

. SinceM is
positive,� is injective. It mapsM isomorphically on a submonoidM 0 of Zs

C. Every
elementx of gp.M 0/ belongs to�.gp.M //, andx 2 M 0 if and only if �.x/ 2 Zs

C.
The remaining implication (c)) (a) is trivial. �

Monoid algebras.Let K be a field andM a commutative monoid. Then the monoid
algebraKŒM � is a vector space with a basis indexed by the elements ofM for which the
addition inM serves as the multiplication table. IfM � Zm is an affine monoid, then
KŒM � is a subalgebra ofKŒZm� since the monoid embeddingM ,! Zm extends to an
algebra embeddingKŒM � ,! KŒZm�. The monoid algebraKŒZm� is isomorphic to the
Laurent polynomial ringKŒX ˙1

1 ; : : : ;X ˙1
m � via the assignment

a D .a1; : : : ; am/ 7! X a D X a1 � � � X am :

It follows that the monoid algebrasKŒM �, M affine, can be identified with subalgebras
of the Laurent polynomial ringsKŒX ˙1

1 ; : : : ;X ˙1
m � that are generated by finitely many

monomials. By Hilbert’s basis theorem such algebras are Noetherian, and so we can
apply the rich structure theory of Noetherian rings to the study of affine monoids.

The terms “normal” and “pure” have been chosen judiciously:

Theorem 1.6.LetM be an affine monoid.

(a) ThenM is normal if and only ifKŒM � is a normal ring, i. e. integrally closed in
its field of fractions.

(b) M � Zs
C is a pure submonoid if and only ifKŒM � is a pure subalgebra of

KŒZs
C� D KŒY1; : : : ;Ys �, i. e. KŒZs

C� splits into the direct sumKŒM � ˚ T of
KŒM � and aKŒM �-submoduleT of KŒY1; : : : ;Ys �.

Proof. (a) Letx 2 gp.M / such thatmx 2 M for somem 2 Z, m > 0. For the algebra
KŒM � and the monomialQx 2 KŒgp.M /� � QF.KŒM �/ with exponent vectorx this
implies Qxm 2 KŒM �. If KŒM � is normal, thenQx 2 KŒM � or, equivalently,x 2 M .
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Conversely, letM be normal, and setC D RCM . We identify gp.M / with Zr . Then
M D Zr \ C andC D H C

1 \ � � � \ H C
s where eachH C

i is a closed halfspace defined by
a linear form with integral coefficients. Thus

M D N1 \ � � � \ Ns; Ni D Z
r \ H C

i :

Consequently

KŒM � D KŒN1� \ � � � \ KŒNs �:

Since an intersection of normal domains is normal it is sufficient thatKŒN � is normal for
the intersectionN of Zr with a half-spaceH C defined by an integral linear form. Now

N Š Z
r�1 ˚ ZC;

as follows from the splitting (3) ofN : for x 2 Zr one hasx;�x 2 N if and only
if x lies in the hyperplane bounding the halfspaceH C. ThusKŒN � is isomorphic to a
partial Laurent polynomial ringKŒY ˙1

1 ; : : : ;Y ˙1
r�1;Z�. It is even a factorial ring, which is

certainly normal.
(b) LetR D KŒY1; : : : ;Ys � andS D KŒM �. SetW D Zs

C n M and letU be the vector
subspace ofR D KŒZs

C� generated by the monomials with exponent vector inW . The
purity of M translates into the conditionM C W � W or, equivalently,SU � U . Since
R D S ˚ U as aK-vector space, it is of course sufficient for the splitting ofR thatU is
anS -submodule ofKŒY1; : : : ;YS �.

Conversely, ifR D S ˚ T for someS -submoduleT , then one certainly has the
equation

I D IR \ S

for all idealsI of S since the idealIR of R decomposes into the direct sumI ˚ IT (the
reader should verify this claim). TakeI as the principal ideal generated by the monomial
corresponding tox 2 M . If x C W contains an elementy 2 M , thenIR contains the
monomial corresponding toy, an element ofS which, on the other hand, is not inI . �

In a more general context, one uses a weaker property to definethe purity of a ring
extension; see [8, p. 293].

In order to avoid cumbersome formulations we will sometimesconsider the monoids
as subsets of their algebras, identifying each monoid element with the monomial of which
it is the exponent vector.

The class group.We have used the support forms associated with the facets of the cone
RCM in order to realizeR D KŒM � as a pure subalgebra of a polynomial ring. Let us
observe that they also define prime ideals inR that determine the ideal theory ofR to a
great extent. Let�i be a support form and set

pi D
X

x2M; �i .x/�1

Kx:

Thenpi is an ideal ofR, and even prime:

KŒM �=pi Š KŒM \ Fi �



COMMUTATIVE ALGEBRA AND THE ADG-CONJECTURES 9

whereFi is the facet ofRCM belonging to�i. Thesymbolic powersof pi are defined as
follows:

p
.c/
i D

X

x2M; �i .x/�c

Kx:

One ideal inKŒM � will receive our special attention, namely

p1 \ � � � \ ps:

It is the “interior” ideal generated by all monomials in the interior of the coneRCM .
More generally, letR be a Noetherian normal domain (or just a Krull domain). A

subsetJ of the field QF.R/ of fractions ofR is a fractional idealif there existsx 2 R,
x ¤ 0, such thatxJ is an ideal ofR. A fractional ideal is divisorial if.J �1/�1 D J ; here
J �1 D fx 2 K W xJ � Rg can be identified with HomR.J;R/. From the view point of
linear algebra, the divisorial fractional ideals are exactly the reflexive ones:.J �1/�1 D J

if and only if the natural homomorphismJ ! HomR

�

Hom.J;R/;R
�

is an isomorphism.
The isomorphism classes of divisorial ideals are parameterized by a classical invariant,

the class group; see Fossum [13]. (In the number-theoretic situationR is a Dedekind
domain, and over such domain every fractional ideal is divisorial.) For a normal affine
monoid ringR D KŒM � the class group can be calculated as follows: letx be a monomial
in the interior ofRCM . ThenRŒx�1� contains all monomials corresponding to elements
in Zd , and therefore is the Laurent polynomial ringL D KŒZd �, a factorial ring. Sincex
is a monomial, the idealRx has a vector space of monomials, and by the normality ofM

the quotienty=x belongs toM if and only if �i.y/ � �i.x/; therefore

Rx D p
.v1/

1 \ � � � \ p.vs/
s ; vi D �i.x/:

Nagata’s theorem [13, ] implies that the class group is generated by the classes of the divi-
sorial prime ideals containingx. These are exactly the monomial prime idealsp1; : : : ; ps

corresponding to the facets, as defined above. This implies:for each divisorial idealJ
there exist integersc1; : : : ; cs 2 Z such that

(4) J Š p
.c1/

1 \ � � � \ p.cs/
s :

2. GRADED RINGS AND MODULES

The monoid algebraR D KŒMn� has a natural decomposition as a vector space: since
Mn D

S1
rD0 Mnr we haveR D

L1
rD0 Rr whereRr is the vector subspace spanned

by the monomials corresponding to then � n magic squares of magic sumr . Since
Mnr CMns � Mn;rCs, this decomposition is compatible with the multiplicativestructure:
RrRs � RrCs. ThusR is a graded ring:

Definition 2.1. A grading of a ring R is a decompositionR D
L

i2Z
Ri of R as an

abelian group such thatRiRj � RiCj for all i; j . A graded ringis a ring together with a
grading.

A gradingof a moduleM over a graded ringR is a decompositionM D
L

i2Z
Mi

of R as an abelian group such thatRiMj � MiCj for all i; j . A gradedR-moduleis an
R-module together with a grading.

The elements ofMi arehomogeneousof degreei .



10 WINFRIED BRUNS

The main example of a graded ring is the polynomial ringS D KŒX1; : : : ;Xn� with
the grading in which the graded component of degreei is the vector space spanned by the
monomials of total degreei . More generally we can define a grading onS by assigning
degreesgi 2 Z to the indeterminatesXi and setting

degX
a1

1 � � � X an

n D

n
X

jD1

ajgj :

The degreei component is again spanned by the monomials of degreei .
Let M be an affine monoid. Then aZ-linear map
 W gp.M / ! Z is called a grading

on M . It induces a grading onKŒM � in which the degreei component is spanned by
the elementsx 2 M with 
 .x/ D i . We say that
 is positive if 
 .x/ > 0 for all
x 2 M , x ¤ 0. It follows from Proposition 1.5 that every (normal) affine monoid admits
a positive grading, as does every submonoid ofZs

C.
A submoduleU of M is graded ifU D

L

i2Z
U \ Mi. In this case the residue class

moduleM=U is naturally graded, too, sinceM=U D
L

i2Z
Mi=.U \ Mi/ by a natural

isomorphism.
The classical example of a graded submodule is an idealI in the polynomial ringS

as above that is generated by homogeneous polynomials. ThenS=I is the homogeneous
coordinate ring of the projective variety defined byI .

A homogeneousR-linear map' W M ! N of gradedR-modules preserves the graded
structure: one has'.Mi/ � Ni. The kernel and the cokernel of a graded homomorphism
are gradedR-modules.

In order to make certain natural linear maps homogeneous we must shift the degree
of one (or both) of the modules involved: the moduleM.s/ is identical toM as anR-
module, but

M.s/i D MsCi :

In other words, degreej elements inM have degreej � s in M.s/. Most often one
needs shifts that increase the degrees of elements. Therefore they are usually written with
a negative sign.

Let K be a field. We say that a gradedK-algebraR is positively gradedif R D

KŒx1; : : : ;xn� with homogeneous elementsxi of positive degree. ThenRi D 0 for i < 0

andR0 D K.

Graded Ext functors.At a certain point in Section 6 it seems inevitable to use derived
functors, and we need that Exti

R.M;N / carries a natural grading for finitely generated
graded modulesM;N over a Noetherian graded ringR. First we endow HomR.M;N /

with a natural grading: its homogeneous component of degreei consists of allR-linear
maps' such that'.Mj / � '.NiCj / for all j . We leave it to the reader to show that
HomR.M;N / is indeed the sum of these abelian subgroups.

Next, one constructs a graded free resolution ofM ,

F W � � � ! Fn

'n

�! Fn�1 ! � � � ! F1

'1

�! F0 ! 0; M D Coker'1;

in which theFi are finitely generated graded free modules and the morphismsFiC1 !

Fi are homogeneous. It follows that Exti
R.M;N / D H i.HomR.F ;N // is certainly

a gradedR-module, and the grading does not depend on the choice of the homogeneous
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free (or projective) resolution. Evidently such resolutions exist: ifM is graded, generated
by elementsx1; : : : ;xm of degreesg1; : : : ;gm, then

F0 D

m
M

iD1

R.�gi/ ! M; ei 7! xi;

is a homogeneousR-linear map from a graded freeR-module ontoM . Its kernel is again
a finitely generated gradedR-module, onto which we can map a graded freeR-module
etc.

For numerical applications it is usually best to group the summandsR.�gi/ according
to their shifts:

m
M

iD1

R.�gi/ D
M

j2Z

R.�j / ǰ ; ǰ D #fi W gi D j g:

The notion of grading can be generalized by allowing an arbitrary group or even an
arbitrary commutative monoid as the set of degrees forR andM .

3. KRULL DIMENSION AND NOETHER NORMALIZATION

Let R be a Noetherian ring. TheKrull dimensiondimR of R is the supremum of all
integersn such that there exists a strictly ascending chain

p0 � p1 � � � � � pn

of prime ideals. A priori, the value1 is not excluded, but it cannot occur for finitely
generated algebrasR over a fieldK. The Krull dimension of a positively gradedK-
algebra can be described as follows:

Theorem 3.1.LetR D
L1

kD0 Rk be a positively graded, finitely generatedK-algebra.

(a) ThendimR is the smallest integerd for which there exist homogeneous elements
x1; : : : ;xd 2 R such thatm D

L1
kD1 Rk is the radical of the ideal.x1; : : : ;xd/.

(b) Such elementsx1; : : : ;xd are algebraically independent overK, andR is a finitely
generated module overKŒx1; : : : ;xd �.

(c) If K is infinite andR D KŒR1�, thenx1; : : : ;xd can be chosen of degree1.

Elementsx1; : : : ;xd as in Theorem 3.1 are said to form ahomogeneous system of pa-
rametersfor R. More generally, ifM is anR-module, then ahomogeneous system of pa-
rameters forM is just a homogeneous system of parameters forR=AnnM . (By AnnM

we denote the annihilator idealfx 2 R W xM D 0g.) The subalgebraKŒx1; : : : ;xd � is
called agraded Noether normalizationof R. It is isomorphic to a polynomial ring overK,
and so Theorem 3.1 shows that every finitely generated gradedmodule overR, in particu-
lar R itself, can be understood as such a module over the polynomial ring KŒX1; : : : ;Xd �.
We will intensively use this argument in the next sections.

We cannot include a full proof of Theorem 3.1. The first step isto show that the
homogeneous elements in a prime idealp of a graded ring generate again a prime ideal
(see [8, 1.5.6]). It follows that all minimal prime ideals ofa graded ring are graded.
Starting from this basic fact one constructs a chain of graded prime ideals

p0 � � � � � pd D m
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of lengthd D dimR. (Since every homogeneous ideal ofR, exceptR itself, is contained
in m, all such chains must end inm.) Now Krull’s principal ideal theorem shows thatm

cannot be the radical of an ideal generated by fewer thand elements.
The existence ofx1; : : : ;xd is shown by induction ond , based on the following lemma:

Lemma 3.2. LetI be an ideal in a graded ring, generated by elements of positive degree,
and letp1; : : : ; pm be prime ideals such thatI 6� pi for i D 1; : : : ;m.

(a) ThenI contains a homogeneous elementx … p1 [ � � � [ pm.
(b) If R is a graded algebra over an infinite fieldK andI is generated by elements

x1; : : : ;xn of the same degreeg, then there exista1; : : : ; an 2 K such thatx D

a1x1 C � � � C anxn … p1 [ � � � [ pm.

For the combinatorial application we are free to choose the field K (and often one
can extendK anyway). Therefore it may be enough to prove (b): by hypothesis the
intersectionpi \ V is a proper subspace ofV D Kx1 C � � � C Kxn, and a vector space
over an infinite field cannot be the union of finitely many proper subspaces.

For the proof of Theorem 3.1 suppose first thatd D 0. Thenm is the only prime ideal
in R, and every element inm is nilpotent, since the nilradical ofR is the intersection of
its prime ideals. Thereforem is the radical of the ideal generated by the empty set.

Now let d � 1. To conclude the proof of Theorem 3.1(a) we apply the lemma to
I D m and the minimal prime idealsp1; : : : ; pm of R, choosingx1 D x. ThenR=.x1/

has Krull dimensiond � 1, and we are done by induction, lifting a homogeneous system
of parameters ofR=.x1/ to R.

This argument shows that we can find a homogeneous system of parameters consisting
of degree1 elements ifR is generated overK in degree1 andK is infinite.

It remains to prove (c). LetI be the ideal inR generated byx1; : : : ;xd andy1; : : : ;ym

be a homogeneous system of generators of theK-algebraR. Sinceye
i 2 I for e �

0, there existsf 2 Z such thatRi � I for i � f . Then a vector space basis of
R0 ˚ � � � ˚ Rf �1 generatesR as anKŒx1; : : : ;xd �-module. The reader may show this as
an exercise or look up [8, p. 38].

For the algebraic independence ofx1; : : : ;xd it is sufficient that dimKŒx1; : : : ;xd � D

dimR D d . This follows from the going up theorem for module-finite or,more generally,
integral ring extensions.

Krull dimension and transcendence degree.Suppose thatR is an integral domain,y 2 R,
and letS be a graded Noether normalization. SinceR is a finitely generatedS -module,
and submodules of finitely generated modules over Noetherian rings are again finitely
generated, there exists an exponentq such thatyq is anS -linear combination of the pow-
ersy0 D 1;y1 : : : ;y

q�1. It follows that the quotient field QF.R/ is an algebraic extension
of QF.S/, and the latter has transcendence degreed D dimR overK. Therefored is the
transcendence degree of QF.R/ overK.

Let M be an affine monoid. Then QF.KŒM �/ D QF.KŒgp.M /�/, and the transcen-
dence degree of the latter equals rankM . So dimKŒM � D rankM .

We use this fact to show that dimKŒMn� D .n � 1/2 C 1. Let G D gp.Mn/. Let
1 be the magicn � n-square with all entries equal to1, andA 2 Zn�n a solution of
the homogeneous system of equations (2) definingMn, without sign restriction. Then
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A C k1 2 Mn for k � 0, and it follows that gp.Mn/ is the group of all solutions to the
system (2). The system (2) has rank2n � 2, so rankMn D n2 � .2n � 2/ D .n � 1/2 C 1.

4. HILBERT FUNCTIONS OF GRADED MODULES

Suppose thatK is a field, considered as a graded ring in which all elements have degree
0, and letV D

L

i2Z
Vi be a gradedK-vector space. Then theHilbert functionH.M; /

of V is defined as follows:

H.M; / W Z ! Z [ f1g; H.M; i/ D dimK Mi :

A fundamental property of the Hilbert function is its additivity along exact sequences of
homogeneous linear maps: If0 ! V m ! � � � ! V 0 ! 0 is an exact and homogeneous
sequence of gradedK-vector spacesV i, then

P

.�1/iH.V i; / D 0. This follows imme-
diately from the additivity ofK-dimension, applied to the homogeneous components.

Let R be aK-algebra. IfR is graded, then the graded componentsRi are automatically
K-vector spaces sinceK � R0, and for the same reason the graded componentsMi of a
gradedR-moduleM areK-vector spaces. IfR is a positively graded, finitely generated
K-algebra, then the Hilbert function of a finitely generated gradedR-moduleM takes
only finite values and moreoverH.M; i/ D 0 for i � 0. Therefore theHilbert (or
Poincaŕe) series

HM .t/ D
X

i2Z

H.M; i/t i

is a Laurent series with a finite principal part. It belongs tothe fieldCŒŒt ��Œt�1�. Note that
CŒŒt ��Œt�1� contains the polynomial ringCŒt � and therefore the fieldC.t/ of rational func-
tions. The embeddingC.t/ ,! CŒŒt ��Œt�1� identifies a rational function with its Laurent
expansion at0. In the following we will use the same notation for a rationalfunction and
its Laurent expansion at0.

The fundamental structural result aboutHM .t/ is the following theorem.

Theorem 4.1(Hilbert-Serre). Let R be a gradedK-algebra generated by homogeneous
elementsx1; : : : ;xn of degreesg1; : : : ;gn > 0. Furthermore letM be a non-zero, finitely
generated gradedR-module. Then there exists a Laurent polynomialQ 2 ZŒt; t�1� such
that

HM .t/ D
Q.t/

Qn
iD1.1 � tgi /

:

Proof. We use induction onn. In the casen D 0 we can simply takeQ D HM . Let
n > 0. Then multiplication onM by xn induces an exact sequence

0 ! .0 WM xn/.�gn/ ! M.�gn/
xn

�! M ! M=xnM ! 0:

Both the kernelU D .0 WM xn/ of the multiplication map andN D M=xnM are finite
modules over the graded algebraR=.xn/ (or overKŒx1; : : : ;xn�1�). Since the Hilbert
function is additive along exact sequences, we obtain

.1 � tgn/HM D HN � tgnHU :
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It only remains to apply the induction hypothesis. We are allowed to divide by1 � tgn

in the fieldCŒŒt ��Œt�1�, to whichHM ;HU ;HN belong. (Here it is used thatgi > 0 for all
i .) �

In particular, ifR D KŒX1; : : : ;Xn� is the polynomial ring over the fieldK, graded in
such a way that degXi D gi, i D 1; : : : ; n, then

(5) HR.t/ D
1

Qn
iD1.1 � tgi /

:

The formula follows by the same induction withxi D Xi. In this case the kernelU is
always0, sinceXn is a non-zero-divisor onR.

Algebras generated in degree1. Note that the Hilbert function of a graded moduleM

depends only on the decomposition ofM as aK-vector space. We are therefore free to
replaceR by any other gradedK-algebra as long as the grading ofM is not changed.
This allows us to refine Theorem 4.1. First we consider the classical case in which
g1; : : : ;gn D 1 and the Hilbert function is of polynomial type:

Theorem 4.2. Under the hypotheses of Theorem4.1 suppose thatg1 D � � � D gn D 1

and letd D dimM . Then there exists a Laurent polynomialQ 2 ZŒt; t�1� such that

HM .t/ D
Q.t/

.1 � t/d
:

Moreover:

(a) There exists a polynomialPM 2 QŒX � such that

H.M; i/ D PM .i/; i > degHM ;

H.M; i/ ¤ PM .i/; i D degHM :

(b) e.M / D Q.1/ > 0, and ifd � 1, then

PM D
e.M /

.d � 1/!
X d�1 C terms of lower degree:

Proof. We may assume thatK is infinite. Otherwise we choose an infinite extensionL of
K, replaceR by R˝K L, andM by M ˝K L. Next we substituteR=AnnM for R, and
can assume thatd D dimR. Then there exists a Noether normalizationS of R generated
by (necessarily)d homogeneous elements of degree1. SinceR is a finitely generated
S -module, so isM , and direct specialization of Theorem 4.1 yields

HM .t/ D
Q.t/

.1 � t/d
:

We expand into a Laurent series:

tj

.1 � t/d
D

1
X

kD0

�

k C d � 1

d � 1

�

tkCj D
X

i2Z

cj .i/t
i

with

cj .i/ D

�

i C d � 1 � j

d � 1

�

; i � j ; and cj .i/ D 0; i < j:
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Set

pj .X / D

�

X C d � 1 � j

d � 1

�

D
.X C d � 1 � j / � � � .X C 1 � j /

.d � 1/!
:

Thenpj 2 QŒX �, and we have

cj .i/ D pj .i/; i > j � d; and cj .i/ ¤ pj .i/; i D j � d:

With Q.t/ D hata C � � � C hbtb, a; b 2 Z, a � b, ha; hb ¤ 0, the desired polynomial is

PM D

b
X

jDa

hjpj :

That Q.1/ > 0 will be shown in Proposition 4.5. Then the assertion on the leading
coefficient ofPM follows since each of the polynomialspj has degreed � 1 (if d � 1)
and leading coefficient1=.d � 1/!. ThereforePM has leading coefficient

b
X

jDa

hj

.d � 1/!
D

Q.1/

.d � 1/!
: �

Definition 4.3. The polynomialPM is called theHilbert polynomialof M , ande.M / is
themultiplicity of M .

Positively graded algebras.If M cannot be written as a finitely generated module over
a K-algebra generated in degree1, then its Hilbert function need not be of polynomial
type. It is however ofquasi-polynomial type: let P0; : : : ;Pm�1 be polynomials. Then the
functionP ,

P .km C `/ D P`.k/; k 2 Z; ` D 0; : : : ;m � 1;

is called aquasi-polynomial of periodm.

Theorem 4.4. Under the hypotheses of Theorem4.1 suppose thatd D dimM . Then
there exist a Laurent polynomialQ 2 ZŒt; t�1� and integerse1; : : : ; ed > 0 such that

HM .t/ D
Q.t/

Qd
iD1.1 � tei /

; Q.1/ > 0:

Moreover there exists a quasi-polynomialPM , whose period divideslcm.e1; : : : ; ed/,
such that

H.M; i/ D PM .i/; i > degHM ;

H.M; i/ ¤ PM .i/; i D degHM :

Proof. As above we can assume thatK is infinite and replaceR by a graded Noether nor-
malization ofR=AnnM . Thene1; : : : ; ed can be chosen as the degrees of the elements
in a homogeneous system of parameters. The formula forHM follows again by direct
specialization of Theorem 4.1.

With m D lcm.e1; : : : ; ed/ we chooseS D R.m/ D
L1

kD0 Rkm, them-th Veronese
subalgebra ofR. Dividing by m, we normalize the degrees inS . While S need not be
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generated in degree1, it is a finite module overS 0 D KŒS1� D KŒRm�, as the reader may
check. As anS 0-moduleM splits into the direct sum of its submodules

N` D
M

k�` .m/

Mk ; ` D 0; : : : ;m � 1:

Now we can composeP from the Hilbert polynomials of theN`. The reader should check
that the assertion on the equality ofP .i/ andH.M; i/ follows from the corresponding
statement in Theorem 4.2.

Again it remains to showQ.1/ > 0, but this will be done in the next proposition. �

The theorem contains the statement that the Krull dimensionof M is the pole order of
HM at t D 1. The proof is not yet complete, but we know at least that the pole order is
bounded above by the Krull dimension. We use this fact in the proof of

Proposition 4.5. Under the hypothesis of Theorem4.4 suppose thate1; : : : ; ed are the
degrees of the elements in a homogeneous system of parameters x1; : : : ;xd for M . Let
S D KŒx1; : : : ;xd �. ThenQ.1/ D rankS M > 0.

Proof. The annihilator ofM as a module overS is 0. We can replaceR by S , but
must keep in mind thatM has annihilator0. The polynomial ringR overK is an integral
domain and everyR-module has a well-defined rank, given by the vector space dimension
of M ˝ QF.R/ over QF.R/. There exist homogeneous elementsy1; : : : ;yr 2 M that
form a basis ofM ˝ QF.R/ over QF.R/. Let F be theR-submodule ofM generated by
y1; : : : ;yr . Theny1; : : : ;yr are linearly independent, and there is an exact sequence of
graded modules

0 ! F ! M ! N ! 0; N D M=F:

SinceN has non-zero annihilator, dimN < d . With self-explaining notation we have

HN .t/ D
QM � QF

Qd
iD1.1 � tei /

:

Since dimN < d , the differenceQM �QF must be divisible by1� t since the pole order
of HN .t/ at t D 1 is smaller thand . ThereforeQM .1/ D QF .1/, and thatQF .1/ D

rankF D rankM is clear:

HF .t/ D
fata C � � � C fbtb

Qd
iD1.1 � tei /

wherefi counts the number of degreei elements in a homogeneous basis ofF . �

Remark 4.6. (a) The module-theoretic argument we have used in the proof of Theorem
4.4 can be replaced by a formal reasoning. It amounts to writing HM .t/ as a rational
function with denominator.1�U /d whereU D T m and to split the numerator according
to the residue classes modulom of the exponents of theT j . It follows that the assertion on
the period ofP does not depend on the fact that we can really find a Noether normalization
generated in degreese1; : : : ; ed .

Similarly Q.1/ > 0 whenevere1; : : : ; ed admit a representation ofHM .t/with denom-
inator

Qd
iD1.1 � tei /. In fact two such denominators differ only by polynomial factors

1 C t C � � � C tf , having positive value at1.
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(b) Suppose that there exists a homogeneous elementy in R that is a non-zero-divisor
of M and whose degree is coprime tom. Then the Hilbert polynomials of the modules
N` have the same degrees and the same leading coefficients. Thisholds since there exist
uij 2 ZC for i; j D 0; : : : ;m � 1 such thatyuij Ni � Nj . This result can be substantially
extended: letI be the ideal ofR generated by those homogeneous elements that are
coprime tom; if dim M=IM � k, then the coefficients of the degreej terms in the
Hilbert polynomials coincide for allj � k. See [9].

Hilbert functions and homological invariants.The Hilbert series can be calculated from
a graded finite free resolution. In the next theorem we use thestandard convention of
writing the shifts with a negative sign and grouping the terms in a free graded module
R.�s1/˚ � � � ˚ R.�sm/ according to their shifts.

Theorem 4.7.LetM be a finite gradedR-module of finite projective dimension, and let

0 !
M

j

R.�j /ˇpj ! � � � !
M

j

R.�j /ˇ0j ! M ! 0

be a graded free resolution ofM . Then

HM .t/ D SM .t/HR.t/

whereSM .t/ D
P

i;j .�1/iˇij tj . In particular, if R D KŒX1; : : : ;Xn� is the polynomial
ring over the fieldK, graded in such a way thatdegXi D gi, i D 1; : : : ; n, then

HM .t/ D
SM .t/

Qn
iD1.1 � tgi /

:

Proof. This follows immediately from the additivity of Hilbert functions along exact se-
quences. The formula for the Hilbert function of the polynomial ring has already been
proved above. �

If R D KŒX1; : : : ;Xn�, then every finitely generated module overR has a finite free
resolution byHilbert’s syzygy theorem(for example, see [8, 2.214]). Under the hypothe-
ses of Theorem 4.1 we can chooseS D KŒX1; : : : ;Xn� with degXi D gi and map it onto
R D KŒx1; : : : ;xn� via the substitutionXi 7! xi. In conjunction with the syzygy theo-
rem we therefore obtain a new (but more difficult) proof of Theorem 4.1. This is Hilbert’s
original approach [16] to his theorem that the Hilbert function is of polynomial type (in
the classical case degXi D 1).

The difference between the Hilbert function and the Hilbertpolynomial can be ex-
pressed in terms of local cohomology. It would take us too farastray to explain this
concept here. See [8].

Theorem 4.8(Serre). Under the hypotheses of Theorem4.4 let m denote the maximal
ideal .x1; : : : ;xn/ andd D dimM . Then

H.M; i/ � PM .i/ D

d
X

jD0

.�1/j dimK H j
m.M /i

for all i 2 Z.
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HereH j
m.M / denotes thej th local cohomology ofM with support inm. The proof

follows the same pattern as that of Theorem 4.1, but this timeone must work in the field
CŒŒt�1��Œt � after one has shown that the generating function of the righthand belongs to it
– for the left hand this has been proved above. We refer the reader to [8, 4.4.3] for the
details.

5. COHEN-MACAULAY RINGS

Before giving a definition we examine a simple, but very instructive case. Also in the
next section it will guide us to a general theorem.

Simplicial normal monoids.An affine monoidM is simplicial if the coneRCM is gen-
erated byd D rankM vectorsx1; : : : ;xd . Suppose thatM is normal, embedded into
Zd D gp.M /, and lety 2 M . Theny has a unique representationy D

Pd
iD1 aixi with

ai 2 QC. It follows that

y D

d
X

iD1

bixi C

d
X

iD1

qixi; b1; : : : ; bn 2 ZC; q1; : : : ; qn 2 Œ0; 1/ \ Q:

In other words,y D y 0 C y 00 wherey 0 belongs to the free submonoidN D
P

ZCxi and
y 00 is an integral point in the semi-open parallelotope

par.x1; : : : ;xd/ D

� d
X

iD1

qixi W qi 2 Œ0; 1/

�

:

The vectorsy 0;y 00 are uniquely determined byy. SinceM is normal,y 00 2 M . Set

B D par.x1; : : : ;xd/ \ Z
d :

0
x1

x2

FIGURE 3. The semi-open parallelotope

If M is an affine monoid with a positive grading, then we can assigna Hilbert function
to M directly, namely

H.M; k/ D #fy 2 M W degy D kg:

Clearly H.M; k/ D H.KŒM �; k/ for the induced grading onKŒM �. Similarly we use
the notion of Hilbert series forM .

Proposition 5.1.
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(a) M is the disjoint union of the setsz C N , z 2 B;
(b) LetdegW M ! ZC be a positive grading onM . Then

HM .t/ D

Pu
iD0 hit

i

Qd
jD1.1 � tgj /

; hi D #fz 2 B W degz D ig � 0; i D 0; : : : ;u:

(c) degHM < 0, andPM .i/ D HM .i/ for all i � 0.

Proof. (a) has been proved above. For (b) it is now enough thatHN .t/ D 1=
Qd

jD1.1 �

tgj /. (This follows from equation (5), but can also be proved directly.) For (c) we note
that every element inB has degree<

P

gj so thatu <
P

gj . The last assertion follows
from Theorem 4.4. �

Proposition 5.1 contains statements of type (ADG-2) and (ADG-4), but it cannot be
applied directly since the monoid of magic squares is simplicial only forn D 1; 2.

In commutative algebra language 5.1(a) reads as follows: the monoid algebraS D

KŒN � is a Noether normalization ofKŒM �, andR D KŒM � is a free module over its
Noether normalizationS . In fact,S is generated byd elements,d D dimR. Furthermore
the finitely many monomialsz 2 B generateR as aS -module. Their linear independence
follows easily from the disjointness of the decomposition in 5.1(a).

Cohen-Macaulay rings.Graded algebras or modules that are free over a Noether nor-
malization deserve (and have) a special name. Its classicaland usual definition uses the
notion of regular sequence:

Definition 5.2. Let R be a commutative ring andM anR-module. We say thatx1; : : : ;

xm 2 R form anM -sequenceor areM -regular if

(i) M=.x1; : : : ;xm/M ¤ 0;
(ii) xi is a non-zero-divisor onM=.x1; : : : ;xi�1/M for i D 1; : : : ;m.

Condition (ii) is equivalent to the injectivity of the multiplication byxi onM=.x1; : : : ;

xi�1/M . Therefore the property of being anM -sequence behaves well under flat ring
extensions, like passage to a ring of fractions or toR ˝K L if R contains a fieldK andL

is an extension field ofK.
The next proposition connects the notion ofM -sequence with the freeness ofM over

a Noether normalization. Moreover, it shows that this property does not depend on the
choice of normalization:

Proposition 5.3. Let R be a positively graded finitely generatedK-algebra andM a
finitely generated gradedR-module. Furthermore, letx1; : : : ;xd andy1; : : : ;yd be ho-
mogeneous systems of parameters forM . Then the following are equivalent:

(a) M is a free module overS D KŒx1; : : : ;xd �;
(b) x1; : : : ;xd is anM -sequence;
(c) y1; : : : ;yd is anM -sequence.

Proof. Both (a) and (b) concern only the structure ofM as anS -module. In proving their
equivalence we may therefore assume thatR D S D KŒX1; : : : ;Xd �. The implication (a)
) (b) is then obvious:M is a direct sum of copies ofR, and (b) is trivial forM D R.
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For the converse we choose a minimal homogeneous systemz1; : : : ; zm of generators
of M . “Minimal” means that none ofz1; : : : ; zm can be omitted. We want to show that
z1; : : : ; zm are linearly independent. Choose a presentation

F
'
�! M ! 0

mapping thei -th basis elementei of the graded free moduleF to zi. Our claim amounts
to Ker' D 0.

On the contrary, let us assume thatz1; : : : ; zm are linearly dependent. Then there exist
a1; : : : ; am 2 R, not all0, such thata1z1 C � � � C amzm D 0. Sincez1; : : : ; zm are homo-
geneous, we can split this equation into its homogeneous components. Therefore we may
assume that theai are homogeneous and that we have chosen a non-trivial homogeneous
relation of the smallest possible degree.

None of theai ¤ 0 can be inK. Otherwise we could writezi as a linear combination
of thezj , j ¤ i . In other words, Ker' � mF , wherem D .X1; : : : ;Xd/. This implies
that the residue classes ofz1; : : : ; zm form a basis of theK-vector spaceM=mM .

For d D 0, R D K, there is nothing to prove. So letd > 0. Set NR D R=.X1/,
NM D M=X1M . Taking intermediate residue classes with respect to.X1/ does not change

the fact that the residue classes ofNz1; : : : ; Nzm 2 NM form a basis ofM=mM . Moreover
X2; : : : ;Xd form an NM -sequence. By the induction hypothesisNz1; : : : ; Nzm are linearly
independent overNR.

For our relationa1z1 C � � � C amzm D 0 this impliesai 2 .X1/, ai D biX1, i D

1; : : : ;m. SinceX1 is a non-zero-divisor onM , we can factor outX1 from the equation
a1z1 C � � � C amzm D 0, and obtain a contradiction to the minimality of degai. This
completes the proof of (b)) (a).

We postpone the somewhat technical proof of the equivalenceof (b) and (c) to the end
of this section. �

Definition 5.4. Let R be an affine, positively gradedK-algebra, andM a finitely gener-
ated gradedR-module. ThenM is Cohen-Macaulayif it admits anM -regular homoge-
neous system of parameters. IfR itself is a Cohen-Macaulay module, then it is called a
Cohen-Macaulay ring.

As stated in Proposition 5.3 (but not yet proved) it follows that every homogeneous
system of parameters of a graded Cohen-Macaulay moduleM is M -regular.

The main combinatorial consequence of the Cohen-Macaulay property is the non-
negativity (or even positivity) of theh-vector.

Theorem 5.5. Let R be a positively graded affineK-algebra, M a finitely generated
graded Cohen-MacaulayR-module, and letg1; : : : ;gd be the degrees of the elements in
a homogeneous systemx1; : : : ;xd of parameters forM . Let

HM .t/ D

Pb
iDa hit

i

Qd
iD1.1 � tgi /

be the Hilbert series ofM . Thenhi � 0 for all i .
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If R is a Cohen-Macaulay ring generated in degree1 and

HR.t/ D

Pu
iD0 hit

i

.1 � t/d
; hu ¤ 0;

thenhi > 0 for i D 0; : : : ;u.

Proof. The first assertion follows as in the special case of a simplicial normal monoid
algebra considered above:hi counts the number of degreei basis elements ofM over the
Noether normalization.

Alternatively we could argue as follows:
Pb

iDa hit
i is the Hilbert series ofM=.x1; : : : ;

xd/M . This follows immediately by induction ond (compare the proof of Theorem 4.1).
For the second assertion we first extend the field in order to obtain a degree1 ho-

mogeneous systemx1; : : : ;xd of parameters. TheK-algebra NR D R=.x1; : : : ;xd/ is
generated in degree1 and

Pu
iD0 hit

i is its Hilbert series. If NRi D 0, then NRj D 0 for all
i � j . �

Remark 5.6. In the second part of Theorem 5.5 we have used the fact thatNR D KŒ NR1�

only in a very weak form. Whichh-vectors.h0; : : : ; hu/ can occur for such algebras is
determined byMacaulay’s theorem; see [8, 4.2.15].

In order to apply Theorem 5.5 toMn or other normal affine monoids we must prove

Theorem 5.7(Hochster). Let M be a normal affine monoid (with a positive grading).
ThenKŒM � is Cohen-Macaulay for every fieldK.

The Hochster-Roberts theorem.We want to derive Hochster’s theorem from a more gen-
eral result:

Theorem 5.8(Hochster-Roberts). Let K be a field and letS be a an affine gradedK-
subalgebra of a polynomial ringR D KŒX1; : : : ;Xn�. If there exists anS -submoduleT
of R such thatR D S ˚ T , thenS is Cohen-Macaulay.

Theorem 5.8, in conjunction with Proposition 1.5, immediately implies Hochster’s the-
orem. The theorem of Hochster-Roberts is proved by reductionto characteristicp. How-
ever, in general the hypothesisR D S˚T in the theorem would not survive the reduction.
Therefore one has to prove a more general statement.

Theorem 5.9. Let K be a field, and letf1; : : : ; fs be algebraically independent ho-
mogeneous elements of positive degree inR D KŒX1; : : : ;Xn�. Suppose thatS is a
module-finite gradedKŒf1; : : : ; fs �-algebra such that there exists a homogeneous homo-
morphism W S ! R of KŒf1; : : : ; fs �-algebras. IfgrC1frC1 D g1f1 C � � � C grfr with
g1; : : : ;grC1 2 S for somer , 0 � r � s � 1, then .grC1/ 2 .f1; : : : ; fr /R.

For the derivation of the Hochster-Roberts theorem we choosef1; : : : ; fs as a homo-
geneous system of parameters forS and W S ! R as the given embedding. We
want to show thatf1; : : : ; fs is S -regular. If it should fail, then we have an equation
grC1frC1 D g1f1 C � � � C grfr with grC1 … .f1; : : : ; fr /S for somer . On the other
hand, Theorem 5.9 shows thatgrC1 2 .f1; : : : ; fr /R, and this is a contradiction: since
R D S ˚ T , one hasIR \ S D I for every idealI of S .
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Proof of Theorem5.9. It needs two steps:

(i) the case of positive characteristic;
(ii) the reduction from characteristic0 to positive characteristic.

Under the general hypothesis of the theorem step (ii) is technically demanding (see [8, p.
294]). Therefore we restrict ourselves to step (i), and do step (ii) only for algebras that,
roughly speaking, can be defined over the ringZ of integers; see Proposition 5.11 below.

So letK be a field of characteristicp > 0. We can replaceK by its algebraic closureL.
The hypothesis certainly survives the base field extension to L, and so does the conclusion
sinceILŒX1; : : : ;Xn�\ KŒX1; : : : ;Xn� D I for every idealI of KŒX1; : : : ;Xn�. We may
therefore assume thatK D Kp.

There exist a finitely generated freeKŒf1; : : : ; fs �-submoduleF � S and a non-zero
elementc 2 KŒf1; : : : ; fs � such thatcS � F (just becauseKŒf1; : : : ; fs � is a domain and
S is finitely generated).

Let q D pe be a power of the characteristicp, take theq-th power of the equation
grC1frC1 D g1f1 C � � � C grfr and multiply byc to obtain

.cg
q

rC1/f
q

rC1 D

r
X

iD1

.cg
q
i /f

q
i :

The elementscg
q
i , i D 1; : : : ; r C 1, are in the freeKŒf1; : : : ; fs �-moduleF , and in

KŒf1; : : : ; fs � the elementsf1; : : : ; fs behave like indeterminates. Thus an elementary
argument yields the existence ofhiq 2 F with cg

q
i D hiqf

q

rC1 for i D 1; : : : ; r . By substi-
tuting these expressions into the previous equation and applying  W S ! KŒX1; : : : ;Xn�

one has

cf
q

rC1 .grC1/
q D

r
X

iD1

f
q

i f
q

rC1 .hiq/; hence c .grC1/
q D

r
X

iD1

f
q

i  .hiq/:

Let M be the set of monomials� D X
�1

1 � � � X
�n

1 with �i < q for i D 1; : : : ; n. Taking
q-th powers in the algebraically closed fieldK is bijective. Therefore every elementh 2

KŒX1; : : : ;Xn� has a necessarilyuniquerepresentationh D
P

�2M .h�/
q�; in particular,

 .hiq/ D
X

�2M

.hiq�/
q�:

Thus
r

X

iD1

f
q

i  .hiq/ D
X

�2M

�

r
X

iD1

hiq�fi

�q
� D

X

�2M

.hq�/
q�

with hq� 2 .f1; : : : ; fr /R.
The crucial point is thatc does not depend onq. We chooseq so large thatc D

P

�2M c0
�� with c0

� 2 K. Let c0
� D .c�/

q. Then
X

�2M

.c� .grC1//
q� D

X

�2M

.hq�/
q�:
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Sincec ¤ 0 there exists� with c� ¤ 0, and so

 .grC1/ D
1

c�

hq� 2 .f1; : : : ; fr /R: �

Remark 5.10. (a) This proof of the Hochster-Roberts theorem is due to F. Knop. It is a
condensation of a tight closure proof by Hochster and Huneke(see [8, 10.1.14]).

(b) The Hochster-Roberts theorem can be strengthened. In characteristic0 direct sum-
mandsR of polynomial rings (or the affine varieties defined by them) have rational sin-
gularities by a theorem of Boutot [5]; also see Gurjar [15]. Incharacteristicp Hochster
and Huneke showed thatR is F -regular; see [8, 10.1.3]. These properties include thatR

is Cohen-Macaulay.
(c) A general Cohen-Macaulay criterion for affine monoid rings was established by

Trung and Hoa [28].

Now Stanley’s conjecture (ADG-4) has been completely proved. In fact, for the com-
binatorial application we are free to choose the coefficientfield K, and so we take an
infinite field of arbitrary positive characteristic. Moreover, we have shown that every ho-
mogeneous system of parameters in a direct summand of a polynomial ring over such a
field, for example inKŒMn�, is a regular sequence.

Free Z-algebras.Let M be an affine monoid. Then we can define the monoid algebra
ZŒM � in the same way as the monoid algebraKŒM � whereK is a field: we choose a free
Z-module with a basis corresponding to the elements ofM , and use the monoid operation
for the multiplication table. ThenKŒM � D ZŒM �˝Z K for every fieldK.

Proposition 5.11. Let R be a positively graded, finitely generated and torsionfreeZ-
algebra. IfR ˝ Z=.p/ is Cohen-Macaulay for at least one prime numberp, thenR ˝ K

is Cohen-Macaulay for every fieldK of characteristic0.

Proof. Note that NR D R ˝ Z=.p/ is a positively graded affine algebra over the field
Z=.p/. We choose a homogeneous system of parametersNx1; : : : ; Nxd and homogeneous
representativesx1; : : : ;xd in R. Moreover we choose a finite homogeneous system of
generatorsNy1; : : : ; Nym (of positive degree) ofNR over Z=.p/Œ Nx1; : : : ; Nxd � and homoge-
neous representativesy1; : : : ;ym 2 R.

The bridge from characteristicp to characteristic0 is the ring of fractionsR.p/ D

R ˝ Z.p/ whereZ.p/ is the ring of all rational numbers whose denominators are not
divisible by p – it is just the localization ofZ with respect to the prime ideal.p/. We
claim thatR.p/ is generated over its subalgebraZ.p/Œx1; : : : ;xd � by y1; : : : ;ym. In fact,
consider a single graded component.Ri/˝ Z.p/. It is a finitely generatedZ.p/-module,
sinceRi is finitely generated overZ. Let N be the submodule of.R.p//i generated by
the elements of type�yj where� is a monomial inx1; : : : ;xd . By the choice of the
xi andyj we have.R.p//i D N C p.R.p//i, since.R.p//i=p.R.p//i D Ri=pRi. By
the elementary divisor theorem, applied to the free module.R.p//i and its submoduleN
over the Euclidean domainZ.p/ (or Nakayama’s lemma), it follows that.R.p//i D N , as
desired.

Before we discuss the Cohen-Macaulay property ofR ˝ K, let us observe thatx1; : : : ;

xd is a homogeneous system of parameters forR ˝ Q. The inversion ofp leads us



24 WINFRIED BRUNS

from R.p/ to R.0/ D R ˝ Q, and thereforeR ˝ Q is a finitely generated module over
QŒx1; : : : ;xd �. But R ˝ Q has the same Krull dimension asR ˝ Z=.p/. For example,
this can be concluded from the coincidence of their Hilbert functions:

H
�

R ˝ Z=.p/; i
�

D rankZ Ri D H.R ˝ Q; i/:

By hypothesisNx1; : : : ; Nxd is an NR-sequence. Moreoverp is a non-zero-divisor onR
sinceR is torsionfree. Thereforep;x1; : : : ;xd is anR-sequence. This property is not
lost if we pass to the ring of fractionsR.p/ D R ˝ Z.p/. Now we can conclude that

(i) x1; : : : ;xd are algebraically independent overZ.p/ and
(ii) R.p/ is a free module overZ.p/Œx1; : : : ;xd �.

Claim (i) holds sincex1; : : : ;xd are algebraically independent overQ, and claim (ii) can
be proved by the same induction as the implication (b)) (a) of 5.3. For the cased D 0

one uses thatZ.p/ is a discrete valuation domain over which a finitely generated module
is free ifp is a non-zero-divisor on it.

Now it is clear that we can permutep;x1; : : : ;xd without loosing the property that it
is anR.p/-sequence. By inversion ofp it follows thatx1; : : : ;xd is anR ˝ Q-sequence.
The passage fromQ to an arbitrary field of characteristic0 is harmless, as observed
immediately after Definition 5.2. �

Homogeneous systems of parameters in Cohen-Macaulay rings.It remains to show the
equivalence of (b) and (c) in Proposition 5.3. We can assume that AnnM D 0. There
is nothing to show in dimensiond D 0, but d D 1 is the critical case. Letx1 andy1

be homogeneous system of parameters forM . If x1 is a non-zero-divisor, then all zero-
divisors ofM must be contained in minimal prime ideals ofR. On the other hand,y1

cannot be contained in such a prime ideal, and therefore is a non-zero-divisor.
The equivalence 5.3 (a)” (b) shows that we can permute a homogeneous system of

parameters without destroying the property of being anM -sequence. This will now be
used.

For d > 1 we argue by induction. Suppose thatx1; : : : ;xd is a homogeneous system
of parameters and anM -sequence. We can replace thexi by suitable powers to obtain
elements of the same degree:KŒx1; : : : ;xd � is a free module overS D KŒx

e1

1 ; : : : ;x
ed

d
�,

and soM is free overS . We can assume thatK is infinite.
The residue class ringNR D R=.y1; : : : ;yd�1/ has dimension1. It is not possible

that the residue classes ofx1; : : : ;xd are all contained in a single minimal prime ideal
of NR. By the prime avoidance lemma 3.2 we therefore find a linear combinationx0 D

a1x1C� � �Cadxd whose residue class is not contained in such a prime ideal. Equivalently,
y1; : : : ;yd�1;x

0 is a homogeneous system of parameters.
Permuting thexi if necessary we can assume thata1 ¤ 0. As follows from 5.3 (a)

) (b), alsox0;x2; : : : ;xd is anM -sequence. Sox2; : : : ;xd is an.M=x0M /-sequence.
By inductiony1; : : : ;yd�1 is an .M=x0M /-sequence, too. Thusx0;y1; : : : ;yd�1 is an
M -sequence. Finally, a similar argument allows us to replacex0 by yd (here it is used
thatd > 1).
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6. THE CANONICAL MODULE AND GORENSTEIN RINGS

A functional equation for the Hilbert series.Let R D KŒMn� and d D dimR D

.n � 1/2 C 1. The equationPn.�k/ D .�1/d�1Pn.k � n/ in (ADG-3) (together with
the not yet proved fact thatH.R; r/ D Pn.r/ for all r � 0) encodes a functional equa-
tion between the rational functionsHR.t/ andHR.t

�1/ where the latter is obtained by
the substitution oft�1 for t . The substitutiont 7! t�1 transforms the Laurent expansion
of HR.t/ at 0 into the Laurent expansion ofHR.t

�1/ at 1, but what we really want to
compare are the Laurent expansions at0:

Lemma 6.1. Let P W Z ! C be a quasi-polynomial. SetH.t/ D
P1

kD0 P .k/tk and
G.t/ D �

P1
kD1 P .�k/tk . ThenH andG are rational functions. Moreover

H.t/ D G.t�1/:

Proof. We have to exercise some care and need precise notation for expansions. IfR is
a rational function, then we letL0.R/ andL1.R/ denote the Laurent expansions at0

and1 resp. One obtainsL1.R/ as follows: in the Laurent expansion ofR.t�1/ at0 one
replacest by t�1.

Both L0.R/ andL1.R/ are elements of the abelian groupCŒŒt; t�1�� of formal Lau-
rent series

P

k2Z
ak tk . Note that the multiplication of elements ofCŒŒt; t�1�� by Laurent

polynomials is well-defined. It makesCŒŒt; t�1�� a module overCŒt; t�1�. Moreover, the
mapsL0 andL1 from the field of rational functions toCŒŒt; t�1�� are both injective and
CŒt; t�1�-linear.

SetJ D G.t�1/, Q D .1 � te/dC1 andF D L0.H / � L1.J /. SinceL1.J / D

�
P1

kD1 P .�k/t�k , we haveF D
P

k2Z
P .k/tk . Let d be the degree ofP ande its

period. Then
QF D .1 � te/dC1F D 0:

In fact, .1 � te/F D
P

k2Z
QP .k/tk with the quasi-polynomialQP whose componentsQPi,

i D 1; : : : ; e, are given by QPi.j / D Pi.j /� Pi.j � 1/, j 2 Z. Thus QP has lower degree
thanP , and the claim follows by induction ond .

By CŒt; t�1�-linearity one has

QL0.H / � QL1.J / D Q
�

L0.H / � L1.J /
�

D QF D 0:

Thek-th coefficient ofQL0.H / vanishes fork < 0, and thè -th coefficient ofQL1.J /

vanishes for̀ > .d C 1/e. So the equation can only hold ifQL0.H / andQL1.J / are
the same Laurent polynomialK.

By the injectivity andCŒt; t�1�-linearity of the assignmentR 7! L0.R/ we conclude
thatH D K=Q, and similarlyG.t�1/ D J D K=Q. �

Remark 6.2. We have not really used the hypothesis thatP is a quasi-polynomial. It is
enough thatF is annihilated by a non-zero polynomial or, equivalently, that the values
P .k/ satisfy a linear difference equation with constant coefficients.

We know from Theorem 4.2 that (ADG-2) follows if the Hilbert series ofKŒMn� has
degree�n. If this should indeed be true, then (ADG-3) is equivalent tothe validity of a
functional equation for the Hilbert series:
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Corollary 6.3. Let R be a positively graded, finitely generatedK-algebra of Krull di-
mensiond , and letP be its Hilbert quasi-polynomial. Suppose that the Hilbert series
HR.t/ has degreeg < 0. Then the following are equivalent:

(a) P .�k/ D .�1/d�1P .k C g/ for all k 2 Z;
(b) .�1/dHR.t

�1/ D t�gHR.t/.

This follows from Lemma 6.1 by comparison of coefficients if one takes into account
thatH.R; k/ D P .k/ for all k � 0 andP .�k/ D 0 for k D 1; : : : ;g � 1 (see Theorem
4.4).

The canonical module and Gorenstein rings.The approach to the proof of (ADG-2) and
(ADG-3) that we will take consists of two major steps:

(i) the construction of a gradedR-module! D !R for a Cohen-Macaulaypositively
gradedK-algebraR such thatH!.t/ D .�1/dHR.t

�1/, and
(ii) the exact computation of!R for normal affine monoid algebras, and in particular

for KŒMn�.
Step (i) is not difficult. Let us first consider the case in which R D KŒX1; : : : ;Xd � is

the polynomial ring overK with grading given by degXi D gi. Sete D �
Pd

iD1 gi and
! D R.e/. Then

(6) H!.t/ D t�eHR.t/ D

Qd
iD1 tgi

Qd
iD1.1 � tgi /

D .�1/dHR.t
�1/:

If R is a Cohen-Macaulay positively gradedK-algebra with graded Noether normaliza-
tion S D KŒx1; : : : ;xd � Š KŒX1; : : : ;Xd �, we set

!R D HomS.R; !S/:

The module!R (whose construction so far may depend on the choice ofS ) has indeed
the structure of anR-module defined by.a'/.b/ D '.ab/ for all a; b 2 R.

For the computation of its Hilbert series we only need theS -structure. Every di-
rect summandS.�j / of the freeS -moduleR accounts for a summand HomS.S.�j /;

S.e// Š S.e C j / of !R. Let

HR.t/ D

Pu
jD0 hj tj

Qd
iD1.1 � tgi /

:

ThenR D
L

j S.�j /hj , and so

(7) H!R
.t/ D

Pu
jD0 hj t�e�j

Qd
iD1.1 � tgi /

D
t�e

Qd
iD1.1 � tgi /

u
X

jD0

hj t�j D .�1/dHR.t
�1/:

We have reached our goal:!R has the right Hilbert series, independently of the choice
of the Noether normalization used in its construction. We supplement the combinatorial
information on!R by

Proposition 6.4. Let R be a positively graded Cohen-MacaulayK-algebra of Krull di-
mensiond with Hilbert quasi-polynomialP . Then

(a) degHR.t/ D � minfi W .!R/i ¤ 0g;
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(b) k 7! .�1/d�1P .�k/ is the Hilbert quasi-polynomial of!R, and

H.!R; k/ D .�1/d�1P .�k/ for all k � 1:

Part (a) follows from equation (7) since the lowest degree appearing in the numerator
polynomial ofH!.t/ is � degHR.t/. For part (b) one writes

(8) HR.t/ D

1
X

kD0

P .k/tk C

degHR.t/
X

kD0

�

H.R; k/ � P .k/
�

tk

and applies Lemma 6.1.
As our notation!R, in which the Noether normalization does not appear, suggests, this

module is uniquely determined byR (up to homogeneous isomorphism).

Definition 6.5. The module!R is called thecanonical moduleof R. One says thatR is
aGorenstein ringif !R is isomorphic toR.h/ for someh 2 Z.

Before we indicate why!R is uniquely determined, we describe the combinatorial
consequences of the Gorenstein property.

Theorem 6.6(Stanley). Let R be a positively graded, finitely generatedK-algebra of
Krull dimensiond , let HR.t/ D .h0 C � � � C hutu/=

Qd
iD1.1 � tgi / with hu ¤ 0 be the

Hilbert series ofR, andP the Hilbert quasi-polynomial. Suppose thatR is a Gorenstein
ring. Then

(a) !R Š R.g/, g D degHR.t/;
(b) hi D hu�i for i D 0; : : : ;u: theh-vector is palindromic;
(c) HR.t

�1/ D .�1/d t�gHR.t/;
(d) P .�k/ D .�1/d�1P .k C g/ for all k 2 Z.

Conversely, ifR is a Cohen-Macaulay integral domain such that

HR.t
�1/ D .�1/d t�hHR.t/

for someh 2 Z, thenR is Gorenstein.

Proof. Let R be a Gorenstein ring, say!R Š R.h/. Then we haveH!R
.t/ D t�hHR.t/.

Thus
.�1/dHR.t

�1/ D t�hHR.t/:

In particular the numerator polynomials on both sides must be equal:

t�g

u
X

jD0

hj tu�j D t�h

u
X

jD0

hj tj

This is only possible ifh D g and theh-vector is palindromic. This proves (a), (b), and
(c). The equation in (d) follows from Proposition 6.4 by comparison of coefficients for
k � 0. (However, ifg � 0, (d) does not imply (c).)

For the converse we choose a non-zero elementx of degree�h in !R. The linear
map� W a 7! ax from R to !R is injective, since!R is torsionfree andR is an integral
domain. Comparing the Hilbert series of the image with that of!R, we conclude that� is
surjective, too. �
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The proof that!R is unique up to homogeneous isomorphism requires the use of de-
rived functors. First one shows that

(9) ExtjR.K; !R/ D

(

K; j D d;

0; j ¤ d:

This is to be understood as a relation between graded modules: K Š R=m (with m D
L1

kD1 Rk) lives in degree0. Equation (9) implies that the localization.!R/m is a canoni-
cal module of the local ringRm. As such it is uniquely determined up toRm-isomorphism.
Finitely generated gradedR-modules that become isomorphic after the passage toRm are
isomorphic up to a shift. Thus graded canonical modules!R and!0

R are isomorphic up
to a shift. A non-zero shift is ruled out, since it would show up in ExtdR.K; !R/ (or in the
Hilbert series). See [8, 3.6.9] for more details.

Equation (9) is proved by induction ond . First letd D 0. ThenK itself is the Noether
normalization, and!R D R_ D HomK .R;K/. Thus (9) follows from

(i) the exactness of theR-linear functorV 7! V _ assigning each finitely generated
gradedR-moduleM its gradedK-dual, and

(ii) the natural isomorphismM D .M _/_ if dimK M < 1.

The functorM 7! M _ is defined on the category of gradedK-vector spaces:
L

Mi 7!
L

Ni with Ni D HomK .M�i;K/, and (i) and (ii) follow from the general properties of
gradedK-duality. For (ii) it is enough that dimK Mi < 1 for all i .

The general case is reduced inductively to the cased D 0. Let x1; : : : ;xd be a homo-
geneous system of parameters as usual, andS D KŒx1; : : : ;xd �. We set NR D R=xdR

and NS D S=xdS . By construction! NS D .!S=xd!S/.degxd/, and it follows that

! NR D .!R=xd!R/.degxd/:

Sincexd annihilatesK and is a non-zero-divisor on!R, the graded Rees lemma (see [8,
3.1.16 and 4.4.20]) yields

ExtiNR
�

K; !R=xd!R

�

D ExtiC1
R

�

K; !R/.� degxd/ i 2 Z;

and the two opposite shifts cancel each other in the passage from R to NR.

Remark 6.7. (a) If we evaluate equation (8) beyond Proposition 6.4(b), then we obtain

H.!R; k/ D .�1/d
�

H.R;�k/ � P .�k/
�

; k 2 Z:

The right hand side has appeared before, namely in Theorem 4.8. SinceR is Cohen-
Macaulay, the local cohomology modulesH i

m.R/ vanish fori < d , and soH.!R; k/ D

H
�

H d
m.R/;�k

�

for all k. The equality of the Hilbert functions shows that!R is the
gradedK-dual ofH d

m.R/, at least as aK-vector space.
This statement can be either viewed as part of the graded local duality theorem [8,

3.6.19] or used for an intrinsic definition of!R.
(b) Once it is known that!R is the gradedK-dual of H d

m.R/, equation (8) follows
immediately from Theorem 4.8.
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Simplicial monoids revisited.Now it has become clear that (ADG-3) is equivalent to the
Gorenstein property ofKŒMn�. In order to prove it, we have to determine the canonical
module. We will solve this task for every normal affine monoidring. As in the previous
section, the simplicial normal monoids lead us to the general theorem.

Proposition 6.8. Let M be a simplicial normal affine monoid, and letI be the ideal
generated by the monomials in the interior ofRCM . ThenI is the graded canonical
module ofR.

Proof. We choosexi 2 M , i D 1; : : : ; d , as in the proof of Proposition 5.1, namely as a
linearly independent system of generators ofRCM . They form a homogeneous system of
parameters, generating the Noether normalizationS of R. As a realization of the module
!S D S.�

P

degyi/ we choose theS -submoduleSx, x D x1 � � � xd , of R.
Let z1; : : : ; zm be the monomial basis of theS -moduleR given by the monomials

corresponding to the lattice points in par.x1; : : : ;xd/. Thenz0
i D x=zi is a monomial in

the interior ofRCM , and, as is easily checked, thez0
i form a basis ofI as anS -module.

Now we identify HomS.R; !S/ with theS -moduleI as follows: z0
i.zj / D x if i D j ,

andD 0 otherwise.
One must of course check that HomS.R; !S/ and I are isomorphic asR-modules.

This is left to the reader. �

0
x1

x2

FIGURE 4. The basis of the interior ideal

At this point we should note that Proposition 6.8 opens a purely combinatorial door-
way to counting the elements in a normal affine monoid. For theelementary notions of
combinatorial topology used in the proof of the next proposition we refer the reader to [6]
or [29]. By relint.F / we denote the relative interior ofF , that is the interior ofF with
respect to the topology on its affine hull.

Proposition 6.9. Let M � Zd be a normal simplicial affine monoid with a positive
gradingdeg. SetMk D fx 2 M W degx D kg. Then there exists a quasi-polynomialP

such that

#Mk D P .k/ for all k � 0:

Proof. We triangulate the coneRCM into a family of simplicial subcones whose rays
pass through elements ofM . (The extreme rays ofRCM suffice.) This induces a disjoint
decomposition ofRCM n f0g into the relative interiors of the conesF 2 F , F ¤ f0g.
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Thus, for allk > 0,

#Mk D
X

F2F

#
�

relint.F / \ Mk

�

:

By Proposition 5.1 the number of degreek lattice points inF is given by a quasi-polynom-
ial PF for all k � 0; in particularPF .0/ D 1. Proposition 6.8 shows that

#
�

relint.F / \ Mk

�

D .�1/dimF�1PF .�k/

for all k � 1.
Let HM .t/ D

P1
kD0 #Mk tk be the generating function. We have shown that

HM .t/ D 1 C

1
X

kD1

X

F2F

.�1/dimF�1PF .�k/tk :

With P .k/ D
P

F2F
.�1/dimF�1PF .�k/ it remains to verify thatP .0/ D 1.

We have not yet used the convexity ofRCM ! Rewriting the sum
P

.�1/dimF�1PF .0/

according to the dimension of the faces we obtain

X

F2F

.�1/dimF�1PF .�k/ D

d�1
X

iD0

.�1/ifi;

wherefi counts the number of faces inF that have dimensioni C1. Consider a polytopal
cross-section̆ of RCM . An .i C 1/-dimensional faceF 2 F intersects̆ in a simplex
of dimensioni . ThereforeP .0/ is the Euler characteristic of̆ . But ˘ is a convex
polytope, homotopic to a point, and soP .0/ D 1. �

For the combinatorial application the algebraic properties of KŒMn� and its interior
ideal are irrelevant. It is enough to show thatHI .t/ D .�1/dHR.t

�1/. Using more
advanced arguments of combinatorics, it is indeed possibleto derive this equation from
the simplicial case; see [26, 4.6].

The canonical module of a normal affine monoid algebra.Let us return to our main goal,
the computation of the canonical module of a normal affine monoid algebra: Proposition
6.8 is a very strong sign that it should always be given by the interior idealI . In fact, if
this turns out to be true, then (ADG-2) and (ADG-3) have been proved simultaneously.
A magic squarex in the interior ofRCMn is not contained in any of the coordinate
hyperplanes, and we can subtract the square1 with all entries1 from it: x � 1 2 Mn.
It follows that the monomial corresponding to1 generatesI . It has degreen. SoI Š

KŒMn�.�n/, the ringKŒMn� is indeed Gorenstein, and its Hilbert series has degree�n.
At this point it seems inevitable to use the monomial structure of KŒM � in a deeper

way than only through positive gradings. We need a definitionof canonical module that
respects this structure. So far the grading group of a gradedring has always been the group
Z. However, all the notions introduced in Section 2 can be transferred to more general
grading groups. For us it is enough to allow the groups (isomorphic to) Zn for n � 1.
An affine monoid algebraR D KŒM � has a decomposition

L

�2gp.M / R� by its very
definition: R� D K� for all � 2 M andR� D 0 for all monomials� 2 gp.M / n M .
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Definition 6.10. Let R be aZn-graded Cohen-Macaulay ring such that the homogeneous
non-units generate a proper idealp of R. Thenp is necessarily a prime ideal; we set
d D dimRp. One says that! is aZn-graded canonical moduleof R if

(10) ExtjR.R=p; !/ D

(

R=p; j D d;

0; j ¤ d:

Our discussion of equation (9) and the uniqueness of theZ-graded canonical module
shows that the definitions 6.5 and 6.10 are compatible. Moreover, a generalization of the
arguments of [8, 3.6.9] (to which we have referred already) shows that theZn-graded
canonical module is again uniquely determined. In the following we will simply speak of
the multigraded canonical module.

In KŒM �, with its grading by gp.M /, the non-units even generate a maximal ideal so
that it is a candidate for the use of Definition 6.10. As we haveshown above,KŒM � has a
multigraded canonical module ifM is simplicial. (That equation (10) is satisfied can be
shown by varying the positiveZ-grading.) However, in the non-simplicial case it is not
clear whether the canonical module ofR, constructed via a non-monomial homogeneous
system of parameters, has a multigraded structure at all. There are various ways to find it;
we use a divisorial approach.

The canonical module (with respect to a positiveZ-grading) is a Cohen-Macaulay
module overR, and therefore a reflexive module: the natural homomorphism

! ! HomR.Hom.!;R/;R/

is an isomorphism. Moreover! has rank1 as anR-module (since it has the same rank
asR over a Noether normalization). Therefore it is isomorphic to a (fractional) divisorial
ideal ofR. According to equation (4) there exist integersc1; : : : ; cs such that

!R Š p
.c1/

1 \ � � � \ p.cs/
s :

The prime idealspi are defined by the support forms of the monoidM ; see Section 1. We
would like to show thatc1 D � � � D cs D 1 is a possible choice since the “interior ideal”
I is exactlyp1 \ � � � \ ps.

The numbersc1; : : : ; cs are not uniquely determined. Therefore let us first make a
choice that respects only the module structure and not yet the grading. Denote the chosen
ideal byJ . At least we have realized theR-module!R as aZd -graded moduleJ . It
follows that ExtdR.K;J / is aZd -graded module, too. On the other hand, it is justK: as
a multigraded module we can identify it withKv wherev is a monomial in gp.M /. We
are free to replaceJ by v�1J . Then ExtdR.K; v

�1J / is indeedK in multidegree0: this is
the right choice for the multigraded canonical module. We may no longer be able to write
v�1J as an intersection of symbolic powers. But clearly

!R D v�1J D V1 \ � � � \ Vs

where
Vi D Kfx W x 2 gp.M /; �i.x/ � Qcig

with uniquely determined, possibly negative integersQci D ci � �i.v/, and for the desired
generalization of Proposition 6.8 it remains to show thatQc1 D � � � D Qcs D 1.
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Let Fi be the facet ofRCM that contains the setG of monomials not inpi. We in-
vert all of them and pass to the ringSi D RŒG�1�. In this ring the non-units among
the monomials generate the prime idealPi D piSi. ThenSi=Pi is the Laurent poly-
nomial ringKŒU � whereU is the group of monomials living in the support hyperplane
of RCM throughFi. The multigraded canonical module!Si

is defined by the condition
that ExtjSi

.Si=Pi; !Si
/ D Si=Pi for j D 1 (the Krull dimension of.Si/Pi

) andD 0

otherwise. The idealPi is a principal ideal generated by every monomial that has value
1 under the support form�i, and it is now easy to see thatPi is the unique multigraded
canonical module ofSi.

The final step is to show that the multigraded canonical module “localizes”: !Si
D

!R ˝ Si. We omit this rather technical argument; it is indicated in Remark 6.12(a) and
will be carried out in [6]. Note thatVj ˝ Si D KŒgp.M /� if j ¤ i , andVi ˝ Si D Vi.
Therefore, on the one hand,!Si

D !R ˝ Si D Vi, and, on the other hand,!Si
D Pi.

These two modules coincide if and only ifQci D 1.

Theorem 6.11(Danilov, Stanley). Let M be a normal affine monoid, andK a field.
Then the idealI generated by the monomials in the interior ofRCM is the multigraded
canonical module ofKŒM �.

Remark 6.12. (a) The only case in which one has a multigraded Noether normalization,
namely one generated by monomials, is that of a simplicial affine monoid. Consequently
there is no simple way for the construction of the multigraded canonical module. A
method that always works is to representR as the residue class ring of a polynomial ring
P D KŒX1; : : : ;Xn� overK. The grading ofR can be pulled back toP by giving each
indeterminate the degree of its residue class. The multigraded canonical module ofP
is !P D R.�

P

degXi/. As a P -module,R has a finite multigraded free resolution,
and ExtcP .R; !P /, c D dimP � dimR, is a multigraded canonical module ofR (see [8,
3.6.12] for theZ-graded case).

This approach can be used for a proof of the localization of the multigraded canonical
module, since it reduces the question to the polynomial ringP .

(b) One can also use local cohomology and graded local duality for the proof of Hoch-
ster’s theorem and the computation of the canonical module,as in Stanley’s original proof
[25] or in the version presented in [8]. It uses the topological properties of the face lattice
of the coneRCM .

Danilov [11] exploits the representation of the canonical module as the module of regu-
lar differentiald -forms,d D dimR. It can be determined by essentially the same method
that we have applied for the divisorial approach.

Remark 6.13.Let us consider a general system of homogeneous linear diophantine equa-
tionsL , say inm variables. We can assume that there exists a strictly positive solution.
Then the monoidM of non-negative solution is normal, all the results above apply, and for
a suitable degree function onM (ADG-1)–(ADG-4) remain valid, apart from inevitable
adjustments:

(i) in general the numberH.L ; k/ of degreek solutions is given only by a quasi-
polynomialQ for all k � 0;
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(ii) one hasQ.�k/ D 0 for all k D 1; : : : ; s � 1, wheres is the smallest degree of a
strictly positive solution;

(iii) the general form of (ADG-3) isQ.�r/ D .�1/d�1QC.k/ whereQC.k/ counts
the number of the degreek strictly positive solutions andd is the rank ofM ;

(iv) if .1; : : : ; 1/ is a solution toL (necessarily of degrees), then (ADG-3) remains
fully valid: Q.�k/ D .�1/d�1Q.k � s/.

Stanley [25], [27] has extended the commutative algebra approach to the study of the
solutions of the inhomogeneous systems associated withL . The K-vector spaceD
whose basis is given by the non-negative solutions to an associated inhomogeneous sys-
tem is a rank1 module overKŒM �. If D is a Cohen-Macaulay module, then a reciprocity
law holds similar to that in (iii).

Under certain conditions all these rank1 modules are divisorial (and a Cohen-Macaulay
rank1 module is automatically divisorial). However, up to isomorphism overKŒM �, there
exist only finitely many Cohen-Macaulay divisorial ideals; see [7].

Ehrhart functions.Let P � Rn be a rational polytope, i. e. the convex hull of finitely
many pointsx1; : : : ;xm. The study of the function

E.P; k/ D #.kP \ Z
n/;

counting the lattice points in the multipleskP D fkx W x 2 Pg, k 2 ZC, was pioneered
by E. Ehrhart [12]. For the commutative algebra approach we let

C.P / D RC.P; 1/ D RCf.y; 1/ 2 R
nC1 W y 2 Pg

be the cone overP . The cone is generated by finitely many rational vectors, andtherefore
M D C.P / \ ZnC1 is a normal affine monoid. As the grading onM we choose the last
coordinate of the elementsx 2 M . Let K be a field. Then clearly

E.P; k/ D H.KŒM �; k/;

and all the results on affine monoid algebras can be exploitedfor the study ofE.P; k/.
The Hilbert function of the canonical module ofKŒM � is given by

EC.P; k/ D #.relint.kP / \ Z
n/:

The corresponding generating functions are

EP .t/ D

1
X

kD0

E.P; k/tk and EC
P .t/ D

1
X

kD0

EC.P; k/tk :

Theorem 6.14(Ehrhart). LetP � Rn be ad -dimensional rational polytope,d > 0. Then

(a) EP .t/ is a rational function, and there exist quasi-polynomialsQ and QC with
E.P; k/ D Q.k/ for all k � 0 andEC.P; k/ D QC.k/ for all k � 1;

(b) EC
P .t/ D .�1/dC1EP .t

�1/, equivalently

Q.k/ D .�1/dQC.�k/ for all k � 1:

If P is even an integral polytope, i. e. its vertices belong toZn, thenE.P; k/ is given
by a polynomial, sinceKŒM � is finite over its subalgebraS generated by the monomials
.x; 1/, x a vertex ofP , andS is an algebra generated in degree1. ThereforeKŒM � has a
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well-defined multiplicity. In order to save us a discussion of volume functions, we restrict
the corollary to full-dimensional polytopes:

Corollary 6.15. Let P � Rd be ad -dimensional integral polytope, and letKŒM � be the
normal monoid algebra constructed above. Then

e.KŒM �/ D d! vol P:

Proof. Elementary arguments of measure theory show that the volumeof P is

vol P D lim
k!1

E.P; k/

kd
:

Being the Hilbert polynomial of the.d C 1/-dimensionalS -module,E.P; k/ has degree
d . Thus its leading coefficient is given by volP . On the other hand, it is also given by
e.kŒM �/=d!. �

Unimodality of theh-vector. As we have seen, theh-vector.h0; : : : ; hu/ of the Goren-
stein ringKŒMn� is palindromic: hu�i D hi for i D 0; : : : ;u. Stanley’s conjecture
(ADG-5) asks whether it isunimodal, i. e. it increases until it reaches its maximum and
decreases afterwards. This conjecture has been proved by Athanasiadis [3] and general-
ized to the Ehrhart functions of compressed Gorenstein polytopes –P is Gorensteinif
KŒM � is Gorenstein, andP is compressed if all its so-called pulling triangulations are
unimodular. Meanwhile it has been shown by Römer and the author [10] that unimodality
holds for the Ehrhart functions of Gorenstein lattice polytopes, provided they have at least
one regular unimodular triangulation. (See [6] for the notion of regular triangulation.)

The method of proof is a reduction to Stanley’sg-theorem for simplicial polytopes, for
which no access via commutative algebra has been found so far. The simplicial polytope
is constructed from the unimodular triangulation and it seems difficult to further weaken
the hypothesis onP .

The existence of a unimodular triangulation implies thatKŒM � is generated by its de-
gree1 elements. If not even this condition is fulfilled, then the generators of higher degree
induce “phenomena of higher period” in theh-vector. Unimodality can no longer be ex-
pected, and an example of a Gorenstein polytopeP for which unimodality fails has been
given by Musţaťa and Payne. [20].

To the best of our knowledge it is still an open question whether there exist graded
Gorenstein integral domains that are generated in degree1, but whoseh-vector is not
unimodal.
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